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PREFACE. 



TO. THE LONDON EDITION. 



Thb AST OF MEASUBiNo, like all other useful inventions, 
appears to have been the offspring of want and necessity; 
and to have had its origin in those remote ages of antiqui- 
ty, which are far beyond the reach of credible and authen- 
tic history. Egypt, the fruitful mother of almost all the 
liberal sciences, is imagined likewise to have given birth to 
Geometby or Mensuration ; it being to the inundations 
of the Nile that we are said to be indebted for this most 
perfect and delightful branch of human knowledge. 

After the overflowings of the river had deluged the coun- 
try, and all artificial boundaries and laud-marks were de- 
stroyed, there could have beeu no other method of ascertain- 
ing individual property, than by a previous knowledge of its 
figure and dimensions. From this circumstance, it appears 
highly probable, that Geometry was first known and culti^ 
vated by the ancient Egyptians; as being the Only science 
which could administer to their wants, and furnish them 
with the assistance they required. The name itself signi- 
fies properly the art f^measvenng the earth; which serves 
still further to confirm this opinion, especially as it is well 
known that many . of the ancient mathematicians applied 
their geometrical knowledge entirely to that purpose, and 
that even the Elements of Euclid, as they now stand, are 
only the theory from whence we obtain the rules and . pre-' 
cepts of our present more mechanical practice. 

But to trace the sciences to their first rude beginnings, 
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is a matter of learned curiosity, which could afford but 
little gratification to readers in general. It is of much 
more consequence to the rising generation to be informed 
that, in their present improved state, they are exceedingly 
usefiil and important. And in this respect, the art I have 
undertaken to elucidate is inferior to none, arithmetic only 
excepted. Its use in most of the different branches of the 
Mathematics is so general and extensive, that it may just- 
ly be considered as the mother and mistress of alj the rest, 
and the source from whence were derived the various pro- 
perties and principles to which they owe their existence. 

As a testimony of this superior excellence, I need only 
mention a few of those who have studied and improved it; 
in which illustrious catalogue we have the names of Euclid, 
Archimedes, Thales, Ariaxagoras, Pythagoras, Plato, Ap- 
polionius, Philo, and Ptolemy, amongst the ancients: and 
Huygens, Wallis, Gregory, flalley, the Bernouillies, Euler, 
Liebnitz and Newton, amongst the moderns; all of whom 
applied themselves to particular parts of it, and greatly en- 
larged and improved the subject. To the latter especially 
we are indebted for many valuable discoveries in the high- 
er branches of the art; which have not only enhanced its 
dignity and importance, but rendered the practical applica- 
tion of it more general and extensive. 

The degree of estimation in which the art was held by 
these, and other eminent characters, will, in general, it is 
apprehended, be thought a sufficient encomium on its me- 
rits. ' But, for the sake of young people, and those of a 
confined education, it may not be amiss to give a few more 
instances of its advantage, and show that its importance in 
trade and business is not inferior to its dignity as a science. 
Artificers of almost all denominations are indebted to this 
invention for. the establishment of their several occupations, 
and the perfection and value of their workmanship. With- 
out its assistance all the great and noble works of Art would 
have been imperfect and useless. By this means the archi- 
tect lays down his plan, and erects his edifice; bridges are 
built over large rivers; ships are constructed; and proper- 
ty of all kinds is accurately measured, and justly estimated. 
In short, most of the elegances and conveniences of life 



owe their existence to this art, and will be multiplied in 
proportion as it is well understood, and properly practised. 

From this view of the subject, it is hardly tob e account- 
ed for, that, in a commercial nation, like our own, an art 
of such general application should have been so greatly 
neglected. Mechanics of all kinds, it is well known, are 
but ill acquainted with its principles; and those who have 
been the best qualified to afford them any assistance, have 
thought it beneath their attention. Till within a few years 
past there could not be found a regular treatise upon this 
subject in the English language. Some particular branch- 
es, it is true, had been greatiy cultivated and improved; but 
these were only to be found in their miscellaneous state, in- 
terspersed through a number of large volumes, in the pos- 
session of but a few, and in a form and language totally 
unintelligible to those for whom they were more immediately 
necessary. 

Dr. Hutton was the first person, in this country, who" 
undertook to collect these scattered fragments, and to 
treat of the subject in a scientific, methodical manner. A 
small treatise by Hawney, and some others of little note, 
had indeed been long in the hands of the public; but 
these were extremely defective, both in matter and me- 
thod ; neither the principles nor practice of the art being 
properly or clearly explained. Before the publication of 
the treatise above mentioned, Mr. Robertson's may be 
considered as the only book, of any value, that could 
be consulted, either by the artizan .or mathematician ; 
and had he given the theory as well as the practice of 
the art, and divested his rules and examples of their alge- 
braical form, there would have been no want of any other 
elementary treatise. 

To these two writers I am greatly indebted for many 
things in the following pages, and ^ am ready to acknowr 
ledge, that I have used an unreserved freedom in selecting 
from their works, wherever I found them to answer my 
purpose. To Dr. Hutton I am particularly obliged, and 
am so far from desiring to supersede the use of his per- 
formance by this publication, that I only wish it to be 
thought a useful introduction to it. His treatise is excel- 
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lent in its kind; ^nd had it been as well calculated fpr the 
use of the uninformed Artist as it is for the Mathematician, 
the following compedSium had certainly pever been pubhsh- 
ed.^ 

The method I have observed in composing this vfojrk^ 
is that which was used in the <^ Scholar* 9 Guide to Arith- 
metic;^^ and, as my object has been to facilitate the acquire- 
ment of the same kind of useful knowledge, I am not with- 
out hopes of its being received with equal candour and ap- 
{^robation. 

In school-books, and those designed for the use of learn- 
ers, it has always appeared to me, that plain and concise " 
rules, with proper exercises, are entirely sufficient for the 
purpose. In science, as well as in morals, example will 
ever enforce and illustrate precept; for this reason an ope- 
ration, wrought out at length, will be found of more ser- 
vice to beginners than all the tedious directions and obser- 
vations that can possibly be .gWen them. From constant 
experience I have been confirmed in this idea, and it is 
in pursuance of it that I have formed the plan of this pub- 
lication. I have not been ambitious of adding much new 
matter to the subject: but only to arrange and methodize 
it in a ■ manner more easy and rational than had been 
done before. 

The text part of the work contains the rules in words 
at length, with examples to exercise them; and, in or- 
der that the learner may not be perplexed and interrupt- 
ed in his progress, the remarks and demonstrations are 
confined to the notes, and may be consulted or not, as 
shall be thought necessary. To those who would wish 
not to take things upon trust, but to be acquainted with 
the grounds and rationale of the operations they perform, . 
they will be found extremely serviceable: and for this 
purpose I have endeavoured to make them as easy as the 
nature of the subject would admit. But they can be 
consulted only by such as have made a previous acquaint- ^ 
ance with several other branches of mathematical learn- 
ing. 

Some of the most difficult rules relating to the surfaces 
of solids, d&c. could not be conveniently given, but by 
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means of algebraical theorems ; and as this was foreign to 
my purpose, I have not scrupled to omit them; being well 
persuaded that what is done upon that head will be fully 
sufficient to answer most practical purposes. In the^Prac- 
tical Geometry, likewise, which is prefixed to this treat- 
ise, such problems only are introduced as were known 
to be most intimately connectied with the subject. And 
ag^ this pari of the work is a proper and necessary in- 
troduction to the rest, I have spared no pains in making 
it as clear and intelligible as possible. 

Upon the whole, I have endeavoured to consult the 
wants of the^ learner, more than those of the man of science. 
And if I have succeeded in this respect, my purpose is 
answered. I have not sought for reputation as a mathe- 
matician, but only to be useful as a tutor. 

N. B. The favourable reception this work has met with, 
has induced me in this edition to make such alterations and 
additions as have since occurred to me, and which are such 
as I hope will render it still more acceptable to the pubhc. 

Royal Academy^ Woolwich, 
July 14, 1807. 
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ADVERTISEMENT 



TO THE THIRD AMEBICAN EDITION. 

The editor, in preparing the following work for the 
present edition, has given to the whole a careful revision. 
A number of errors which existed in the answers to the 
questions, have been corrected. The answers now given, 
where decimals occur, are such as are obtained by using a 
determinative number of them in the calculation. This will 
afford to the careful student, the satisfaction which results 
from an agreement of his answer with that in the book. — 
Improved rules have been given to a few of the problems, 
and several useful questions have been added. To some of 
the more intricate questions, solutions have been annexed. 
The demonstrations which were left out, in the preceding 
American editions, have been mostly restored. A few 
problems in solids, which were not thought to be import- 
ant in an elementary work, have been omitted. 

B. HALLOWELL. 
West-Town B^rding School^ 
lOth month 1,1823. 
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TABLES 

OF THE 

DIFFERENT MEASURES USED IN THIS WORK. 



Lineal Measures, " S^tuire Measures. 



Id inches moke 1 foot. 

3 feet 1 yard. 

6 feet 1 fathom. 

16^ feet, or ) (1 pole, 

5 j yards, y ( or rod. 
40 poles. . ; . . 1 furlong. 

8 forlongs. . . 1 mile. 



144 mches make 1 foot. 
9 feet.-.'. . . .1 yard. 

36 feet 1 fathom. 

272i feet. } (1 pole, 
or 30i yds. > ^ or rod. ' 

1600 poles 1 furlong. 

64 furlongs. . . 1 mile. 



Natc-^The chain made use of in measuring land, com- 
monly called Gunter's chain, is 4 poles, or 22 yards in 
length, and consists of 100 equal links, each link being -^Z^. 
of a yard =.66 of a foot, or 7.92 inches long. 

An acre of land is also equal to 10 square chains; that 
is, 10 chains in length, and 1 in breadth; or it is 4840 square 
yards, or 160 square pol^, or 100,000 square links. 

Note also that in Land Measure, And in Cubic Measure, 

40 perches, or ) _ i^ - .^^ ^ I 1728 inches make 1 foot, 
square poles J ™"® ' ^^^' I 27 feet. ..... 1 yard. 

4 roods 1 acre, f ]66f yarda. ... .1 pole. 

Other Measures, . 

882 cubit inches make 1 gallon ale measure. 

231 1 gallon wine measure. 

268^ 1 gallon dry measure. - 

128 cubic feet, or 8 feet in length and > . . r. ^ ^ 

4 m breadth and 4 in blight ^\^ "^'^ o^^«°^- 
341 cubic feet, or 16i feet in length, U } j ^ of stone. 

m breadth, and 1 m height. > ~ 
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PRACTICAL GEOMETRY. 



DEFINITIONS. 

1. Geometby is that science which treats of the descrip- 
tions and properties of magnitudes in general. - 

2. A point is that which has position, but not magni- 
tude. 

3. A line is length without breadth ; and its bounds or 
extremes ai'e points. 

4. A right line is that which lies evenly between its ex- 
treme points. 



5. A superficies is that which has length and breadth 
only : and its bounds or extremes are lines. 



6. A plane superficies is that which touches in every 
part any right line that can be drawn in that superficies. 

7. A solid is that which has length, breadth, and thick- 
ness ; and itS bounds or extremes are superficies. 
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8. A plane rectilineal angle is the inclination or opening 
of two right lines which meet in a point. 




9. One line is said to be perpendicular to another, when 
it makes the angles on both sides of it equal to each 
other. 



10. A right angle is that which is formed by two lines 
that are perpendicular to each other.* 



.. 



11. An acute angle is that which is less than a right 
angle. 




12. An obtuse angle is that which is greater than a 
right angle. 



* Any angle differing from a right one, is« by some writers, call- 
ed an oblique angle. 



PBACTICAL GEOHBTKY. 



16 




13. A circle is a plane figure, formed by the revolution 
of a right line about one of its exti»emities, which remains 
fixed.* 




14. The centre of a circle is the point about which it is 
described ; and the circumference is the Une or boundary 
by which it is contained. 

15. The radius o{ a, circle is a right line drawn from the 
centre to the circumference. 




16. The diameter of a circle is a right line passing 
through the centre, and terminated both ways by Uie cir- 
cumference. 




* N. B. The cihnimference itself, for the sake of conciseness, is 
Bomelimes called a circle. 
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1 7. An arc of a circle is any part of its periphery or cir- 
cumference. 






• 



••... 



s 



18. A chord is a right line joining the extremities of an 
arc. 







•••. 

••#•••••* 



1 9. A segment of a circle is any part of a circle bounded 
by an arc and its chord. 




20. A sector is any part of a circle bounded by an arc 
and its two radii drawn to its extremities. 

N. B. A semicircle is half a circle, and a quadrant the 
quarter of it. 
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21. A zone is a part of a circle included between two 
parallel chords and their intercepted arcs. 




22. A sine of an arc is a right line drawn from one ex- 
tremity of an arc perpendicular to a diameter passing through 
the other extremity, as AB. 

23. The versed *sine of an arc is that part of the diame- 
ter which is intercepted between the sine and the arc; as 
BD or BE. 

24. The cosine of an arc, is that part of the diameter in- 
tercepted between the sine and centre, as* CB, and is al- 
ways equal to the difference between the versed sine and 
the radius. 




Note. The height of a segment is the part of a diameter 
contained between the middle of the chord and the arc: and 
the difference between this and the radius is sometimes call- 
ed the central distance. 

2^. All plane figures bounded by three right lines are 
called triangles. 

26. An equilateral triangle is that whose three sides 
are all equal. 
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PRACnOAL 6E0XBTBT. 



27. An isosceles triattgle is that which has only two of 
its sides equal. 




28. A scalene triangle is that which has all its three 
sides unequal. 




29. A right-angled triangle is that which has one right 
angle.* 




30. An obtuse-angled triangle is that which has one ob- 
tuse angle. 




31. An acute-angled tr^ngle is that which has all its an- 
gles acute. 



* Any triangle differing from a right-angled one, is called an 
oblique-angled triangle. 
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32. All plane figures, bounded by four right lines, are 
called quadrangles or quadrilaterals. 

33. A square is a quadrilateral, whose sides are all equal, 
and its angles all right angles. 






34. A rhombus is a quadrilateral, whose sides are all 
equal, but its angles not right angles.* 




35. Parallel right lines are such as are in the same 
plane, and which being produced ever so far both ways, do 
not meet. 



36. A parallelogram is a quadrilateral whose oppo- 
site sides are parallel. 



/ 



* This figure, by working mechanics, is sometimes called a lo- 
zenge. 
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37. A reckmgle is a parallelogram whose angles are all 
right angles. 




38. A rJumhoid is a parallelogram whose angles are 
not right an^es. 



39. All other four-sided figures, besides these, are called 
trapeziums. 

40. A right line joining any two opposite angles of a 
four-sided i^ure is called the diagonal. 




41. All plane figures contained under more than four 
sides are called polygons. 

42. Polygons having five sides, are called pentagons; 
those of six sides, hexagons; those of seven, heptagons; and 
so oh. 

43. A regular polygon is that whose angles as well as 
sides are all equal. 

44. The base of any figure is that side on which it is 
supposed to stand; and the altitude is the perpendicular fall- 
ing upon it from the opposite angle. 

45. In a right-angled triangle the side opposite to the 
right angle is called the hypothenuse; and the other two 
sides are called legs. 

46. An angle is usually denoted by three letters, the one 
which stands at the angular point being always to be read 
in the middle. 
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*47. The circumference of every circle is supposed to 
be divided into 360 equal parts, called c2^ree«; each degree 
into 60 equal parts, called minutes; and so on. 

48. The measure of any right-lined angle is an arc of a 
circle contained between the two lines which form that an* 
gle, the angular point being the centre. 



.•• ^'v 



• 



* 




••••»„..• 



Note. The angle is estimated by the number of degrees 
contained in the arc; whence a nght angle is an angle of 
90 degrees, or it of the circumference. 

PROBLEM I.t 
To divide a given Une AB into two equal parts. 
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* This and the following definition are' used only in Practical 
Geometry. 

t The demonstrations of most of these problems may be found in 
Euclid's Elements. 
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1 . From the points A and B, as centres, with any di^ 
tance greater than half AB, describe arcs cutting each other 
in n and m. 

2. Through these points, draw the line ttEm, -and the 
point E, where it cuts AB, will be tbe middle of the line 
required. 

PROBLEM 11. 



To divide a given angle ABC into two equal partt. 




'I. From the point B, with anv radius, describe the am 
AC. 

2. And from AC, with the same, or any other radius, 
describe arcs cutting each other in n. 
■ 3. Through the point n draw the line B», and il will 
biaectthe angle ABC, as was required. 

PROBLEM in. 

jFVom a given pmiU C, in a given right line AB, to erect 

a perpendicular. 

Case L VPIien the point is near the mi^le of the line- 
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1. On each side of the pomt C take any two equal dis- 
tances Cn, Cm. 

2. From n and m, with any radius greater than Cn or 
C»i, describe arcs cutting each other in «. 

3. Through the point g, drawn the Une «C, and it will 
be the perpendicular required. 

Cass II. When the paint U a^ or near, the end of the line* 



TV 
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A ^f -'C B 

1. Take any point o, and with the radius or distance 
oC, describe the ar^. mCn» putting AB in m and C. 

2. Through the centre o, and the point m, draw the 
line man, cutting the arc mCn in n. 

3. From the point n, draw the Une nC, and it will be 
the perpendicular required. 

A3u>ther method. 
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1. From the point C, with any radius^ describe the arc 
mrnf cutting the line AC in r. 

12. With the same rljdius, and r as a centre, cross the 
arc in n; and from n in like manner, cross it in m. 
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3. From the points n and m, with the same, or any other 
radius, describe arcs cutting each other in s. 

4. Through the point s^ draw the Hne sCf and it will be 
the perpendicular required.* 

PROBLEM IV. 

JVoffi a given point C, out of a given line AB, to let fall 

a perpendicular. 

Case I. WJien the point is nearly opposite to the mid- 
dle of the line. 
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1. From the point C, with any radius, describe the arc 
nm cutting AB in n and m. 

2. From the points n, «i, with the same or any other ra- 
dius, describe two arcs cutting each other in s. 

3. Through the points C, *, draw the line CG*, and CG 
will be the perpendicular required. 

Case II. When the point is nearly opposite to the end 
of the line. 



* For another method of raising a perpendicular from any point 
in a given line, see Prob. XXXIX. 
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1. To any point m, in the line AB, draw the line Cm. 

2. Bisect the line Cm, or divide it into two equal parts, 
in the point n. 

3. From n, with the radius nm, or nC, describe the arc 
CGm, cutting AB in G. 

4. Through the point C, draw the line CG, and it will 
be the perpendicular required. 

Another method. 
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L From A, or any other point in AB, with the radius 
AC, describe the arc CD. 

2. And from any other point n, in AB, with the radius 
nC, describe another arc cutting the former in C, D. 

3. Through the points C, D, drawn the line CGD, and 
CG will be the perpendicular required. 

N. B. Perpendiculars may be more easily raised, and 
c 
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let fall, in practice, by means of a square, or other proper 
instrument. 

PROBLEM V. 

To trisect, or dinide a right angle ABC into three equal 

parts. 

I 




A B 

1 . From the point B, with any radius B A, describe the 
arc AC, cutting the legs BA, BC, in A, C. 

2. And from the point A, with the radius AB, or BC, 
cross the arc AC in n. 

3. Also with the same radius, from the point C, cross it 
in 'm. 

4. Through the points m, n, draw the lines B«i, Bn, and 
they will trisect the angle as was required. 

PROBLEM VI. 

At a given point D to make an angle equal to a given 

angle ABC. 




A D 
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1. From the point B, with any radios, describe the arc 
nm, cutting the legs BA, BC, in the points m, n. 

2. Draw the line D£, and from the point D, with the 
same radius as before, describe the arc rs. 

3. Take the distance nm, on the former arc, and apply 
it to the arc r*, from r to s, 

4. Through the points D, s, draw the line DF, and the 
angle EDF will be equal to the angle ABC, as was re- 
quired. 

' PROBLEM VII. 

To draw a line parallel to a given line AB. 

Case I. When the parallel line is to passthrough a gi- 
ven point C, 

C r 

G rZ 1 H 
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A n in B 

1. To AB, from the point C, draw any right line Cm, 

2. From the point m, with the radius mC, describe the 
arc Cn, cutting AB in n. 

3. And with the same radius, from the point C, describe 
the arc mr, 

4. Take the distance Cn, and apply it to the arc mr, 
from m to r. 

6. Through the points C, r, draw the line GCrH, and it 
will be parallel to AB, as was required. 

Another method. 
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1. From C, draw any line CDE, and make D£ equal to 

I>C. 

2. From £, draw any line £FI, and make FI equal to 
EF. 

3. Through C, I, draw the line GCIH, and it will be 
parallel to AB. 

Case II. When the parallel line is to be at a given 
distance from AB. 



yy__n m G 
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1 . From any two points r, *, in the line AB, with a 
radius equal to the given distance, describe the arcs, n, m, 

2. Draw the line DG, to touch those arcs without cutting 
them, and it will be parallel to AB, as was required. 

N. B. The former case of this problem, as well as 
several other operations in Practical GiBometry, may be\ 
more easily effected by means of the parallel ruler.* 



PROBLEM VIII. 

To divide a given line AB into any proposed number of 

equal parts. 



* This ruler may be had of all sizes, but is usually put into a por- 
table case, with a drawing-pen, scale, compasses, and other useful 
instruments. 
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1. From one end of the line A, draw Awi, making any 
angle with AB ; and from B, the other end, draw Bn, 
making an equal angle AB». 

2. In each of the lines A/w, B», beginning at A and B, set 
off as many equal parts, of any length, as AB^ is to be di- 
vided into. 

3. Join the points A5, 1 4, 2 3, &c. and AB will be di- 
vided as was required. 

iVcrfc. B» may be drawn parallel to Am, by means of a 
parallel ruler. 

PROBLEM IX. 

To find the centre of a given circle, or one already det- 

cribed.^ 




D 



* Th^ centre of a griven circle, or of any arc of it, may also be 
' M^ pforxxfv ^^^^°'"^'' '** ^^^ circumference, and proceeding 
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1. Draw any chord AB, and iHsect it with the perpendi- 
cular CD. 

9. Bisect CD, in like manner, with the chord £F, and 
their intersection O, will be the centre required. 

« 

PROBLEM X. 

To draw a tangent to a given circle^ that shall pass 

through a given point A. 

Case I. When the point A is in the circumference cfth€ 
cvrcU. 




D 



1. From the given point A, to the centre of the circle, 
draw the radius AO. 

2. Through the point A, draw CD perpendicular to O A, 
and it will be the tangent required. 

Cask II. When the point A is without the circle. 
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1. To the point A, from the centre O, draw the lineOA, 
and bisect it in n. 

. 2. From the point n, with the radius nA, or nO, des- 
cribe the semicircle ABO, cutting the given circle in B. 

3. Through the points A, B, draw the line AB, and it 
will be the tangent required. 

PROBLEM XL 
To two given linfis, A, B, to find a third proportional. 




1. From the point C draw two right lines, making any 
angle FCG. 

2. In these lines take C£ eqiial to the first term A, and 
CG, CD, each equal to the second term B. 

3. Join ED, and draw GF parallel to it; and CF will be 
the third proportional required^ 

That is CE( A) t CG (B) : : CD(B) : CF. 



PROBLEM XIL 

To three given right lines^ A, B, C, to find a fourth 

proportiondl. 
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1, From the point D draw two right lines, making any 
angle GDH. 

2. In these lines take DF equal to the first term A, DE 
equal to the second B, and DH equal to the third C. 

3« Join FE, and drew HG parallel to it, and DG will 
be the fourth proportional required. 

That is DF(A) : DE(B) :: DH(C) : DG. 

PROBLEM XIII. 

Between two given right lines A, B, to find a mean pro' 

poHional. 



B 




1 . Draw any right line, in which take CE equal to A, 
and ED equal to B. 

2. Bisect CD in O, and with OD or OC, as radius, des- 
ciibe the semicircle CFD. 

3. From the point E draw EF perpendicular to CD, 
and it will be the mean proportional required. 

That is CE(A) : EF : : EF : ED(B). 

PROBLEM XIV. 

To divide a given line A B in the same proportion that 
another given line C is divided.* 



* The case of this problem which most frequently ocdurs, is that 
in which the given line is req aired to be divided into two parts that 
shall have a given ratio; which may be done in nearly the same 
manner as above. 
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1 . From the point A draw AD equal to the given line 
C, and making any angle with AB. 

2. To AD apply the several divisions of C, and join DB. 

3. Draw the lines 4 4, 3 3, &c. each parallel to DBy 
and the line AB will be divided as was required. 

That is, the parts Al, 1 2, 2 3, 3 4, 4B,on the line AjB, 
wiU be proportional to the parts 1, 1 2, 2 3, 3 4, 4 5, on 
the line C. 

PROBLEM XV. 

Upon a given right line AB, to make an equilateral tri- 

angle* 




1. From the points A and B, with a radius equal to AB 
describe arcs cutting in C. . 

2. Draw the lines A€, BC, and the figure ACB will,be 
the triangle required. 

Note. An isosceles triangle may be formed in the lame 
manner, by taking any distance for radius. 



Zi 
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PHOBLEM XVI. 



To make a triangle whose three sides shall he respective- 
ly equal to three given lines, A, B, C* 




— \E 



1 . Draw a line DE equal to one of the given lines C. 

2. On the point D, with a radius equal to B, describe an 
arc. 

S. And on the point E, with a radius equal to A, describe 
another arc, cutting the former in F. 

4. Draw the lines DF, EF, and DFE will bethe triangle 
required. 

PROBLEM XVII. 

Upon a given line AB to describe a square. 




1. From the point B» draw BC perpeodicukr, and equal 
to AB. 



^ The three given lines must be of such lengths that any two of 
them taken together shall be greater than the third. 
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2. On A and C, with the radius AB, describe two arcs 
cutting each other in D. 

3. Draw the lines <AD, CD, and the figure ABCD will 
be the Square required. 

^Note, A rhombus may be made on the given line AB 
in exactly the same manner, if BC be^ drawn with the proper 
obliquity, instead of perpendicularly. 

PROBLEM XVIII. 

To describe a rectangle, whose length and breadth shall be 
equal to two given lines AB and C. 




1. At the point B, in the given line AB, erect the per- 
pendicular BD, and make it equal to C. 

2. From the points D, A, with the radii AB and C de- 
scribe two arcs cutting each other in £. 

3. Join EA and ED, and ABDE will be the rectangle 
required. 

Note. A parallelogram may be described in nearly the 
same manner. 

PROBLEM XIX. 

In a given triangle ABC to inscribe a circle. 

C 
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1. Bisect the angles A and B with the lines AG and 
BO. 

2. From the point of intersection O let fell the per- 
pendicular On, and it will be the radius of the circle re- 
quired. 

PROBLEM XX. 

In a given circle to inscribe an equilateral triangle, a 

Jiexagon^ or a dodecagon. 




For the hexagon. 

1. From any point A as a centre, with a distance equal 
to the radius. AO, describe the arc BOF. 

2. Join the points AB, or AF, and either of these line^ 
being carried six times round the circle will form the hexa- 
gon required. 

That i^ the radius of the circld is equal to the side of the 
hexagon ; and the sides of the hexagon divide the circum- 
ference of the circle into six equal parts, each containing 
60 degrees. 

For the equilateral triangle, ^ 

1. From the point A, to the second and fourth divisions, 
or angles of the hexagon, draw the lines AC, AE. 

2. Join the points CE, and ACE will be the equilateral 
triangle required ; the arc AC being one third of the cir- 
cumference, or 120 degrees. 
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Foir the dodecagon. 

Bisect the arc AB of the hexagon in the point n, and the 
line Alt being carried twelve times round the circumfer- 
ence, will form the dodecagon required, the arc An being 
30 degrees. 

If An be again bisected, a polygon may be formed of 24 
sides ; and by another bbectioh a polygon of 48 sides; and 
so on. 

PROBLEM XXI. 

To describe a square or an octagon^ in a given circle. 



For the square. 

1. Draw the diameters BD and AG, intersecting each 
other at right angles. 

2. Join the points AB, BC, CD, and DA, and ABCD 
will be the square required. 

For the octagon. 

Bisect the arc AB of the square in the point E, and the 
line AE being carried eight times round the circumference 
will form the octagon. 

. If the arc AE be again bisected, a polygon may be form- 
ed of 16 sides : and by another bisection, a polygon of 32 
sides ; and so on. 
D 
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PROBLEM XXIL* 
To micribe d peniagcnf cr decagcnf in aghen drele. 



Fcf the pentagon. 

1. Draw the diameters Ap, nm^ at right angles to each 
other, and bisect the radius On in r. 

2. From the point r, with the distance rA, describe the 
arc A#, and from the point A> with the distance As, de- 
scribe the ar6 sB. 

3.. Join the points A, B, and the line AB being carried 
five times round the circle, will form the pentagon required. 

For the decagon. 

Bisect the arc A£ of the pentagon in c, and the line Ac 
being carried ten times round the circumference will form 
the decagon required. 

If the arc AC be again bisected, a polygon of 20 sides 
may be formed; ai^d by another bisection a polygon of 40 
sides; and so on. 



* BestdeB the figures here constructed, and those arising fjrom 
thence hy continual bisections, or taking the differences, no other 
regular polygon can be described, from any known method purefy 
geotnUrieal, -" 
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PROBLEM XXIII. 

On a ^ven line AF, to describe a regular pclygcn of any 

proposed number of sides. 




1. From the point A, with the distance AF, describe the 
semicircle FBG, which divide into as many equal parts 
Gd, dB, Be, &c. as the polygon is to haye sides.* 
. 2. From A to the second point of division draw AB, and 
through the other points c, d, 6, dz.c. draw the lines AC, 
AD, AE, &c. 

3. Apply the distance AF from F to E, from E to D, from 
D to C, &c. and join BC,€D, DE, dz.c. and ABCD, &c. 
will be the regular polygon required. 



PROBLEM XXIV. 
About a given triangle ABC to circumscribe a circle. 



* The semicircle is conveniently divided by means of a scale »f 
chords, with the use of which the stadent is supposed to be ac- 
quainted. 
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1. Bisect the two sides AB, BC, with the perpendiculars 
mo, and no. 

Z, From the point of intersection o, with the distance 
OA, OB or OC, describe the circle ACB, and it will be that 
required. 

If any two of the angles be bisected, instead of the sid^, 
the intersection of the hnes will also give the centre of the 
inscribed circle. 

PROBLEM XXV. 
About a gvoen square ABCD to circumscribe a circle. 




1. Draw the two diagonals AC and BD intersecting each 
other in O. 

2. From the point O, with tlie distance OA, OB, OC 
or OD, describe the circle ABCD, and it will be that re- 
quired. 

PROBLEM XXVI. 
To circumscribe a square about a given circle* 
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1 . Draw any two diameters no and rm at right angles to 
each other. 

2. Through the points m, o, r, n, draw the lines AB, B 
C, CD, and DA, perpendicular to rm and no9 and ABCD 
win be the square required^* 

PROBLEM XXVII. 
AbaiU a given circle to circumecribe a pentagon, 

D 




1. Inscribe a pentagon in the circle; or, which is the 
same thing, find the points m, n, v, r, «, as in Prob. XXII. 

2. From the centre o to each' oif these points, draw the 
radii on, cm, oo, or^ and oa, 

3. Through the points n, m, draw the lines AB, BC, 
perpendicular to ouy om; producing them till they meet 
each other at B. 

4. In the same manner, draw the lines CD, DE, £A, 
and ABCDE will be the pentagon required. 

I Ml ■ ■■ — - - I ■ - -I T m ' 

* If each of the qaadrants m, mn, tno and or, be bisected, and 
tangents be drawn to those points, the circamscribing figure will be 
an octagon. 

d2 
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NaU. — Any other polygon may be made to circnm* 
scribe a circle, by first inscrilHng a similar one, and then 
drawing tangents to the circle at the angular points. 

PROBLEM XXVm * 

On a gwen Une AB to make ar^ukar jpentagcm, 

D 
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1. Make Bm perpendicular to AB, and equal to one 
half of it. 

2. Draw Am, and produce it till the part mn is equal to 

3. From A and B as centres, with the radius Bn, describe 
arcs cutting each other in o. 

4. And from the point o, with the same radius or with 
oA, or oB, describe the cinde ABCD£. 

6. Apply the line AB ^vq times round the circumferenco 
of this circle, and it will form the pentagon required. 

Note, — If tangents be drawn through the angular points 
A, B, C, D, E, a pentagon circumscribing the circle will be 
formed; and if the arcs be bisected, a circumscribing de- 
cagon may be ibrmed. 



* In the former edition of thig work, another method of describ- 
ing a pentagon was given, as first proposed by Albertus Durer, in 
his Geometry, p. 55, printed in 1532; but as that is only an approxi- 
mation, and is not more easy in practice than the present one, 
which is perfectly accurate, it is here omitted. 
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PROBLEM XXIX. 
On agiven line AB to make a regular hexagcm. 



E 



...o....- 





1. From the points A, B, as centres, with the radius AB, 
describe arcs cutting each other in O. 

2. And from the point O, with the distance OA or OB, 
describe the circle ABCDEF. 

3. Apply the line AB six times round the circumference, 
and it will form the hexagon required.* / 

PROBLEM XXX. 
Oft a given line AB^ to form a regular octagon. 
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1. On the extremes of the given line AB erect the indefi- 
nite perpendiculars AF and BE. 

2. Produce AB both ways to m and n, and Insect the an- 
gles mAF and nBE with the lines AH and BC. 



* This constraction is foanded on the principle, iht^ the radioB 
of ererj circle is eqaal to the side of the inscribed hexagon, or the 
chord of 60°. 
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3. Make AH and BC equal to AB; and draw H6, CD, 
parallel to AF or B£» and also each equal to AB. 

4. From Gf D, as centres, with a radius equal to AB, 
describe arcs crossing AF, BE, in F, and £; and if 6F, 
FE, and ED be drawn, ABCDEFGH will be the octagon 
required. 

PROBLEM XXXI. 
To make a figure similar to a given figure^ ABCDE. 




B h 

1. Take Ah equal to the side of the figure required, and 
from the angle A draw the diagonals Ac Ad. 

2. From the points 6, c, dl, draw^, c<2, de^ parallel to BC, 
CD, DE, and Abcd€ will be similar to ABCDE. 

The same thing may also bo done by making the angles 
bf c, d, e, respectively, equal to the angles B, C, D, E. 

PROBLEM XXXII. 
To make a triangle equal to a given trapezium ABCD. 

C 
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1. Draw the diagonal DB, and make CE paraUeltoit, 
meeting the side AB produced in E. , 

2. Join the points D, E, and ADE will be the triangle re- 
quired. 
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To make a triangle equal to any right lined figure, 

ABCDEA. '^^ 




1. Produce the side AB both ways at pleasure. 

2. Draw the diagonals DA, DB, and parallel to them the 
lines EF and CG. 

3. Join the points DF, DO, and DFG will be the triangle 
required. 

And in nearly jthe same manner may any right lined figure 
whatever be reduced to a triangle. 

PROBLEM XXXIV.* 
To make an angle qfany proposed number qf degrees. 
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* The line of chords made nbe of in the following problemi, is 
commonly put upon the plane scale, and is adapted to 90 decrees 
or the fourth part of a circle. 

For a description of this and other instruments made use of in 
Practical Gteometry, see Mr, Robertson's TrtaUse on such maihma' 
tieal instruments as are usually put into a portable case. 
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1 . Take the first 60 degrees from the scale of chords, 
and firom the point A, with this radius, describe the arc 

ItfTI. 

2. Take the chord of the proposed number of degrees 
from the same scale, and apply it from n to m, 

3. From the point A draw the lines An and Afli, and they 
will form the angle required. 

Note, — Angles greater than 90^ are usually taken at 
twice. 

PROBLEM XXXV.* 

An angle BAC being givenj to find the nwmher of degrees it 

contains. 




A n B 

1. From the angular point A, with the chord of 60 de- 
grees, describe the arc nm, cutting the legs in the points 
n and m. 

2. Take the distance nmj and apply it to the scale of 
chords, and it will show the degrees required. 

Note, — When the distance nm is greater than 90°, it must 
be taken at twice, as before. 

PROBLEM XXXVL ' ^ 

In a given circle to inscribe a polygon of any proposed 

number of sides. 



* Both this find the last problem may be performed by means of 
a protractor. 
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1. Divide 360* by the number of sides, and make an 
angle AOB, at the centre, whose measure shall be equal to. 
the degrees in the quotient. 

2. Join the points AB, and apply the chord AB to the 
circumference the given number of times, and it will form 
the polygon required. 

PROBLEM XXXVII. 

On a given line AB to farm a regular polygon of any pro- 
posed number of sides. 



1. Divide 360*^ by the number of sides, and subtract the 
quotient from 180 degrees. 

2. Make the angles ABO s^nd BAO each equal to half 
the difference last found. 

3. From the point of intersection O, with the distance 
OA or OB, describe a circle. 

4. Apply the chord AB to the circumference the pro- 
posed number of times, and it will form the* polygon re- 
quired.* 



* By tbii method the cirenmference of a circle may also be divi-w 
ded into any number of equal parts; for if 360 be divided by the 
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PROBLEM XXXVra.* 
Upana right line AB to describe a regular fenUjtgim* 




1. Produce AB towards n, and at the point B make the 
perpendicular B«i equal to Aj. 

2. Bisect AB in r, and from r as a centre, with the radius 
mty describe the arcmn, cutting AB in n. 

3. From the points A and B, wi^ the radius An, describe 
arcs cutting each other in D. 

4. And from the points A, D, and B, D, with the radius 
AB, describe arcs cutting each other in O and E. 

6. Join BC, DC, DE, and E A, and ABODE will be the 
pentagon required. 

This method differs but litHe from that of Probleni 
XXVIII, ^nd is equally easy and convenient in practice. 

PROBLEM XXXIX. 

To raise a perpendicular from any paint B in a given line 

AB. 



I 
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number of parU, and the angle AOB be made equal to the degrees 
in the quotient, the arc AB will be one of the equal parts required. 
* This and the following problem were not given in the first edi- 
tion of this work, but are now added on account of their elegance 
and utility. The second is derived from the 47th Prop. B. I. Eu- 
clid's Elements, and the first is proposed for a demonstration in the 
Ladies' Diary for the year 1786. 
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1 . From any scale of equal parts take a distance equal to 
3 divisions, and set it froni B to m. 

2. And from the points B and m, with the distances 4 
and 5, taken from the same scale, describe arcs cutting 
each other in n. 

3. .Through the points n, B, draw the line BO, and it 
will be the perpendicular required. 



ExplanaHan of the characters made use of in thefoUawing 

part of this work. 

+ Is the sign of addition. 

of subtraction. 

X of multiplication. 

-j >^ of division. 

V • of the square root. 

^ of the cube root. 

= of equality. 

: :: : of proportion. 

REMARKS. 

>. 

1. An angle in a semicircle is a right angle. 

2. All angles in the same segment of a circle are equal. 

3. Triangles that have all the three angles of the one 
respectively equal to the three angles of the other, are call- 
ed equiangular triangles, or similar triangles. 

E 
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4. In similar triangles the like sides, or sides opposite to 
the equal angles, are proportional. 

5. The areas or spaces of similar triangles i^re to each 
other as the squares of their like sides. 

6. The areas of circles are to each other as the squares 
of their diameters, radii, or circumferences. 

7. Similar figures are such as have the same number of 
sides, and the angles contained by those isides respectively 
equal. 

8. The areas of similar figures are to each other as the 
squares of their like sides. 
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• The ofea of any fi^re is the measure of its surface, or 
the space contained within the bounds of that surface, with- 
out any regard to thickness. 

A square whose side is one inch, one foot, or one yard, 
\S&c. is called the measuring unity and the area or content of 
any figure is computed by the number of those squares 
contained in that figure. 

N: B. In all questions involving decimals, they are car- 
ried out to the fourth place inclusive, and then taken to the 
nearest figure; that is, if it be found that, by extending the 
operation, the next figure would be 5, or upwards, the 
fourth decimal Bgwre is increased by. 1. The student by 
observing this rule will generally find his rq^ults to agree 
with those given in the book. 

PROBLEM I. 

To find the area qf a parallelogram; whether it be a square, 
a rectangle^ a rhombus, or a rhomboides. 

RULE.* 

Multiply the length by the perpendicular height, and the 
product will be the area. 



* Take any rectangle ABCD, and 
divide each of iti sides respectively, into 
as many eqnal parts as are expressed by 
the number of times they contain, the li- 
near measuring unit, and let all the op- 
posite points of division be connected by 
right lines. Then, it is evident, that 
these lines divide the rectangle into a ^ 
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Note. — The perpendicukir height of the parallelogram is 
equal to the area divided by the base. 



EXAMPLES. 



1. Required the area of the square ABCD whose side 

D iC 



mu 
is 5 feet 9 inches. 






A 



B 



Herehfe. 9 in. =6.75: and b,15\^ =6.75 X 5.75=33.0626 
feet=^3^fe, in. 9 pa.=^area required. 

2. Required. the area of the rectangle ABCD, whose 
length AB is 13.76 chains, and breadth BC 9.6 chains. 




number of squares each equal to the superficial measuring unit, and 
that the number of these squares, or the area of the figure, is equal 
to the number of linear measuring units in the length, as often re- 
peated as there are linear measuring units in the breadth or height, 
that is, equal to the length multiplied by the height, which is the rule. 

And since a rectangle is equal to an oblique parrallelogram stand- 
ing upon the same base, and between the same parallels, (Euc. I 
35,) the rule is true for any parallelogram in general. Q. £. D. 

Rule II. If any two sides of a parallelogram be multiplied toge- 
ther, and the product again by the natural sine of the included an- 
gle, the last product will give the area of the parallelogram. That 
IS AB X BC=nat. sine of the angle Bassarea. 

JVofe. — Because the angles of as quare and rectangle are each 90°, 
whose natural sine is unity, or l,the rule in' this case is the same as 
that giTen in the text. 
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Here 13.75X9.5=130.625: and ^^'f^.^ = 13.0626 

' 10 

oc. = 1 3 iw. ro, \0po. =area required, 

3. Required the area of the rhombus ABCD, whose 

length AB is 12 feet 6 inches, and its height D£ 9 feet 3 

inches. 




Here i2fe. 6 if».=12.6, and 9fe. 3»n.=9.26. . 
WAencc 12.6X9.26= 115.625/6.= 116/€. 7 in. 6 pa. 
«= area required. 

4. What is the area of the rhomboides ABCD whose 
length AB is 10.62 chains, and height D£ 7.63 chains ? 

D C 




Here 10.62X7.63=80.2676 ; and ??^Z1^ « 8.02676 

acres== Z ac. ro. 4 po.=s area required. 

6.. What is the area of a square whose side is 35.26 
chains ? ae. ro. po. 

Ans. 124 1 1 
6. What is the i^rea of a square whose side is 8 feet 4 
inches? fe^ in. pa. 

Ans. 69 6 4 
£ 2 
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7, What is the area of a rectangle whose length is 14 
feet 6 inches, and breadth 4 feet 9 inches ? fe, in, pa, 

Ans. 68 10 6 

8; Required the area of a rhombtis^ the lengtii of whose 
side is 12.24 hety and'height 9.16 feet. fe^ in. po* 

Ans. 112 1 6 

9. Required the area of a rhomboides whose length is. 
10.51 chains, and breadth 4.28 chains.- ac. ro, pa. 

Ans. 4 1 39.7 

10. What is the area of a rhomboides whose length is 7 
feet 9 inches, and height 3 feet 6 inches ? fo. in. pa, 

Ans. 27 1 6 

1 1 . To find the area of a rectangular board, whose length 
is 12^ feet, and breadth 9 inches. Ans. 91 feet. 

PROBLEM 11. 

To find the area of a triangle, 

RULE.* 

Multiply the base by ihh peipendicular height, and half 
the product will be the area. 

Note, — The perpendicular height of the triangle is equal 
to twice the area divided by the base. 

EXAMPLES. 

1. Required the area of the triangle ABC, whose base 
A B is 10 feet 9 inches, and height DC 7 feet 3 inches. 

C 




D B 



* A triangle is half a parallelogram of the same base and alti' 
tude, (£uc. 1. 410 ^^^ therefore the trath of thb rule is oTident. 



j i» ^ mM m*>m< « Mj I... i ^.. j^.i.'^...;, ij ■ ■■ i i.iw w ■ i -w.>«^jaw i i ■■ jL.-^ .^a?-i(ytf--^77;-ig^-_ _-j t>^,,- -;^^^ l y,^ ; 
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iferc 10/6. 9 in. =10.76, and Ife. 3 i».v^7.26; 

Whence 10.76 X 7.25=77.9376, and II:? ~=S8.968 76 

2 

Jeet=SSfe, 11 in. 7i /?a.= area- r^^ttirec?. 

2. What is the area of a triangle whose base is 18 feet 
4 inches, and height 11 feet 10 inches ? ft. in, pa, 

Ans. \0B 5 8 

3. What is the area of a triangle whose base is 16.75 
feet, and height 6.24 feet ? fe. in. pa. 

Ans. 62 3. 1 

4. Required the area of a triangle whose base is 12.26 
chains, and height 8.6 chains. ac, ro, po. 

Ans. 6 33 

6. What is the area of a triangle whose base is 20 feet, 

and height 10.26 ? Ans, 102.5 fe. 

PROBLEM III. 
To find the area of a triangle whose three sides only are 

given. 

RULE.* ^ 

1 . From half the sum of the three sides -subtract each 
side severally. 



* Demon. Let Ac=^a^ ab=&, bc=c, and AD=a:; (See 
preceding fig.) Then, since bd=5— ar, we shall have 
c*— (6— a:)2=cD^=:a2— a;2, or c« — 6a4-2&ar— «3=aa — 

a?3 , from which x is found = sx by trans, and re- 
duction. '^^ 

But CD» = AC3 -- AD^ = AC + AD X AC — AD = (a 

-L^^flliN ^ f «* +52 ^c3 . 2a6 + a« + fta _ c« 

-^ 2l )^(« 25 )= 25 

^ 2tf5~>fl2^5g+c2 (a-\-iy—c^ c« ~ (a>~ft) a 
^ 26 ) 2& ^ 9* i 



26 -^ 26 

1 



WhencecD=gg^a+2^_ca)x(c«— a— 62)^ and the 
area i ab x cd = ^ -^{a + 6* — c*) x (c^ — a — Ja) 
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2. Multiply the half sum and the three remainders con- 
tinually together, and the square root of the product will be 
the area required. 

EXAMPLES. 

1. Required the area of the triangle ABC, whose three 
sides BC, CA, and AB are 24, 36, and 48 chains respec-. 
tively. 

C 




X 



^^ 24+36+48 108 ^. 1 -,, ., . 

11^^ — : : = — —54=^ sum of the sides ; 

^ 2 



= i^ (a + b + c X a + b — cX c + a — b X c—a+b) 
a+ft+c a + b — c c + a — b c — a + by. 

-^^( 2 "" 2 ^ 2 ^ r-^ 

which, by making * = ix(a + ft + c) becomes = 

y/{sXs — cXs — bX s — a) =algebraical expression for the' 
rule, as was to be demonstrated. 

Cor. 1. If* be put equal to a+6, and d=b cc a, the rule 
is i>/(*«— ^«)x(c«— d2). 

Cor. 2. If all the sides be equal, the rule will become 
jt a« v^3, or i a3 X 1.732 for the equilateral triangle whose 
side is a. 

Cor. 3. If the triangle be right angled, a being the 



hypothenuse, the rule will be ^+^+^ ^—^+^+^^ or 

i pX ip — a, putting p for the perimeter. 

Rule II. Any two sides of a triangle being multiplied together, 
and the prodact again by half the nataral sine^ of their included an- 
gle, will give the area of the triangle. 

That is, AC X OB X nat. sine of the angle o=3stwice area. 
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Aho 54 — 24=30 first diff. 54 — 36=18 second d^. 
and 54 — 48 r=6 third diff. 

Whence x/54x30x 18x6 = VI 74960= 418.282 = 
area required. 

2. Required the area of a triangle whose three sides are 
13, 14 and 15 feet. Ane. 48 square feet. 

3. How many acres are there in a triangle whose three 
sides are 49.00, 50.25 and 25.69 chains ? Ans. 61.498 ac. 

4. Required the area of a right angled triangle, whose 
hypothenuse is 50, and the other two sides 30 and 40. 

Ans. 600. 

5. Required the area of an equilateral triangle, whose 
side is 26. Ans. 270.6329. 

6. Required the area of an isosceles triangle, whose 
base is 20, and each of its equal sides 15. Ans. 111.803. 

7. Required the area of a triangle, whose three sides are « 
20, 30, and 40 chains. Am. 29 ac. 8 po. 

PROBLEM IV. 

Any two sides of a right angled triangle being given to 

find the third side. 

RULE.* 

1. When the two legs are gycen to find the hypothenuse. 

Add the square of one of the legs to the square of the 
other, and the square root of the sum will be equal to the 
hypothenuse. 

2. When the hypothenuse and one of the legs are given 

to find the other leg. 

From the square of the hypothenuse take the square of 
the given leg, and the square root of the remainder will be 
equal to the other leg. 



* ByEuc. 47.LAB'+ Bca=AC°,orAc^ — ab^=bc«; and 
th erefore x/ab^+ bc^ = ao, or Vac* — ab« = bc, or 
V Ac^ — Bc«= ab, which is the same as the rule. 
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EXAMPLES. 



1. Id tbe right angled triangle ABC, the base AB is 56, 
and the perpendicular BC 33 ; what is the hypothenuse ? 




<> : 



iJ^tf 56* +33«= 3136+ 1089= 4225 ; and v/ 4225= 66 
== hypothenuse AC. 

' 2. If the hypothenuse AC be 53, and the base AB 45 ; 
what is the perpendicular BC ? 

Here 53a--45a= 2809—2025= 784; and y/7S4=2B= 
perpendicular BC. 

-r i^ The base of a right angled tria^If is 77, and the per^ 
pendicular 36 : what is the hypothenuse? Ans* 85. 

4. The hypothenuse of a right angled triangle is 109, 
and the perpendicular 60 : what is the base ? Ans^ 91. 

5. It is required to find the length of a shore, which 
strutting 12 feet from the upright of a building, will support 
a jamb 20 feet from the ground. Ans. 23.3238 fed. 

6. The height of a precipice, standing close by the side of 
a river, is 103 feet, and a line of 320 feet will reach from 
the top of it to the opposite bai^ : required the breadth of 
the river. - Ans. 302.9703 feet. 

7. A ladder 50 feet long, being placed in a street, reach- 
ed a window 28 feet from the ground, on one side ^ and 
by turning it over, without removing the foot, it reached 
another window, 36 feet high, on the other side ; required 
the breadth of the street. Ans. 76. 1 233 feet. 
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PROBLEM V. 
To find the area qf a trapezium. 

RULE.* 

Multiply the diagonal by the sum of the two perpendicu-^ 
lars falling upon it from the opposite angles, and half the 
product will be the area. 

EXAMPLBS* 

1. Required the area of the trapezium BAED, whose 
diagonal BE is 84, the perpendicular AC 21, and DF 28. 

D 



4116 



flfere 28+21x84=49X84=4116; and-'^=20B8 
the area required. 



beXdf 
* Denum. The area of the triangle bdb is = — 3 — ; 

m 

BE X AC 

and the area of the triangle bab is = — ^ — 5 *°^ there- 
fore the sum of these areas, or the area of the whole tra- 

bbXdf beXac dp+ac 
pezium, is= — g 1 ^ — = — 2 — Xbb. Q. E. D. 

If the trapezium can be mscribed m a circle ; that is, if the som 
of two of its opposite angles is equal t6 ti^o right angles, or 180°, 
the area may be found thus: 

Rule, From half the sum of the four sides subtract each side 
severally; then multiply the four remainders continually together, 
and the square root of the product will be the area. 
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2. Required the area of a trapezium whose diagonal is 
80.6, and the two perpendiculars 24.5 and 30.1. 

Ans.2\91S5. 

3. What is the area of a trapezium whose diagonal is 
108 feet 6 inches, and the perpendiculars 56 feet 3 inches, 
and 60 feet 9 inches ? Ans. 6347 fe.* 3 in. 

PROBLEM VI. 

To find the area of a trapezoid, or a quadrangUf two of 
whose opposite sides are parallel. 

RULE.* 

Multiply the sum of the parallel sid^s hy the perpen(Ucu- 
lar distance between them, and half the product will be the 
area. 

1. Required the area of the trapezoid ABCD, whose 
sides AB and DO are 321.51 and 214.24, and perpendicular 
DE 171. 16, 

D On 



abXde 
* Demon. The A abb is = — g- -•» and the A Bcn=«= 

BOXBft ^ . DCXdE ^^ 

— p — t or, (because b»=db)=-— 5 — . Therefore, A 

abXdb 
abd+Abcjd, or the whole trapezoid abcd, 18= — 5 — 

nOXDB AB+DO _ 

H 5 — = —5 — X OT. Q. E, D. 
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Bere 321.51+214.24= 535.75= «tim of the paraUd 
Mes AB> DC. 

Whence 5S5.75X 171 AQ (the perp. m) =91698.9700. And 

91698.9700 ..oao Aon si. • Ji 
=46849.486 the area regwred, 

2. The parallel sides of a trapezoid are 12.41 and 8.22 
chains, and the perpendicular distance 5.15 chains ; re- 
quired the area. ac* ro. po. 

Ans. 5 1 9.966. 

3. Required the area of a trapezoid whose parallel sides 
are 25 feet 6 inches and 18 feet 9 inches, and the perpen- 
dicular distance 10 feel 5 inches. fe. in, pa. 

Ans. 230 5 7. 

4. Required the are^ of a trapezoid whose parallel sides 
'are 20.5 and 12.S5, and perpendicular distance 10.75. 

Ans. 176.03125. 

PROBI^EM VII. 
To find the area of a regular polygon, 

RULE.* 

Multiply half the perimeter of the figure by the perpen- 
(bcular falling from its centre upon one of the sides, and 
the product will be the area. 

Note. The perimeter of any figure is the sum of all its 
sides. 

„ II I ■ _ A m\_ ■ ■■- I I ■ 111 II -^ I ■ ■ n 

* Demon, Every regular polygon ii composed of as many eqiiai 
triangles as it has sides, consequently the area of one of those tri- 
angles being multiplied by the number of sides must give the area 
of the whole figure; but the area of either of the triangles is equal 
to the rectangle of the perpendicular and half the baseband there- 
fore the rectangle of the perpendicular and half the sum of the sides 
is equal to the area of the whole polygon; thus, 

AB 5aB 

ofX — =area of the A aob,. and opx — »area of the 
2 2 

polygon ABCDE. ^ E. D. 
F 
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1. Required the area of the regular pentaj;on ABODE, 
whose side AB, or BC, &^. is 26 feet, and perpendicular 
OP 17.2 Aet. 

D 




Here?!^^== 62, 5= half perimeter; aid 62.6 x 1 7.2= 

1076 equarefeet=sarea required. 

2. Required the area of a hexagon whose side is 14.6 
feet, and perpendicular 12.64. 

" Ans. 663.632 square Jeei. 

3. Required the area of a heptagon whose side is 19.38, 
and perpendicular from the centre 20. 

Ans. 1366.6. 

4. Required the ar^a of an octagon whose side is 9.941 
and perpendicular 12. Ans. 477.168. 

PROBLEM VIII. 

To find the area of a regular polygon^ when the side only 

is gveen. 

RULK* 

Multiply the square of the side of the polygon by the 
number standing opposite to its name in the following table, 
and the product will be the area. , 



* Demon* The multiplien in the table are the areas of the poly* 
gont to which they belong when the side is unity, or 1. 
Whence as all regular polygons, of the same number of sides, 
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No. of 
sides. 


Names. 


Multipliers. 


3 


Trigon or equil. A 


0.433013— 


4 


Tetragon or square 


1.000000+ 


6 


Pentagon 


1.720477+ 


6 


Hexagon 


2.698076+ 


7 


Heptagon 


3.633912+ 


8 


Octagon 


4.828427+ 


9 


Nonagon 


6.181824+ 


10 


Decagon 


7.694209— 


11 


Undecagon 


9.365640—. 


12 


Duodecagon 


11.196162+ 



are similar to each other, and as similar figures are as the squares 
of their like sides, (Euc. VI. 20.) i': multiplier in the table:: 
square of the side of any polygon: area of that polygon; or 
which is the same thing, the square of the side of any polygon 
X by its tabular number is =s= area of the polygon. Q. £. D. 
The table ig formed by trigonometry, thus: As radius =» 1 : tang. 

* BPXtan.Z^oBP 

Z.OBP : : BP (i) : po -- -^l tang. Z» obp : 

radius 
whence orxw-sss^ tang, /.obp as area of the A aob; and 
\ tang. /_ OBP X number of sides^stabular number, or the area of 
the polygon. 

The angle obp, together with its tangent, for any polygon of not 
more than 12 sides, is shown in the following tattle. 



No. of 
sides. 


Names. 


Angle 

OBP. 


Tangents. 


3 
4 

5 

6 

7 
8 

a 

10 

11 

12 


Tngon 
Tetragon 

Pentagon 

Hexagon 

Heptagon 

Octagon 

Nonagon 

Decagon 

Undecagon 

Duodecagon 


30° 

45° 

v64'' 
60° 
64°* 
67°i 
70° 

72° 
76^ 


.67736+= iv/3 
1.00000+=! XI 


1.37638+= v/l+fv/ 6 
1.73206H — y/3 
2.07662+ 
2.41421+= 1 + V2 
2.74747+ 


3.07768+= V6+2-/6 

3.4066JB+ 

3.73206H — 2+v/3 
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1. Required the area of a pentagon whose side is 15. 

7%e number opposite pentagon m the iabteie 1.720477* 

< 

Bcfic« 1.720477 X 16a = 1,720477 X 226= 387.107325= 
area required* 

2. The side of a hexagon is 5 feet 4 inches; what is the 
area? -An*. 73.9. 

3. Required the area of an octagon whose jside is 16. 

Ans. 1236.0773. 

4. Required the area of a decagon whose side is 20.5. 

Ans. 3233,4913. 

6. Required the area of a nonagon whose side is 36. 

Ans. 8011.6439. 

6. Required the area of a duodecagon whose side is 125. 

Ans. 174939.875- 

• •' 

PROBLEM IX. 

The diameter of a circle being given, to find the drcumfe'- 
rence; or, the circumference being given^ to find the dia- 
meter. 

RULE.* 

Multiply the diameter by 3.1416, and the product will be 
the circumference, or 



* The proportion of the diameter of a circle to its circamference 
has never yet been exactly ascertained. Nor can a square or any 
other right lined fi^rure, be found, that shall be equal to a given 
circle. This is the celebrated problem called the squaring of the 
circle, which has exercised the abilities of the greatest maUiemati« 
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Divide the circumference by 3.1416 and the quotient 
will be the diameter. 

Note 1. — As? is to 22, ^o is the diameter to the circum- 
ference ; or as 22 is to 7; so is the circumference to the 
diameter. 

2. As 113 is to 356, so is the diameter to the circum- 
ference ; or^ as 352 is to 115, so is the circumference to 
the diameter. 



cians for ages, and been the occasion of so many disputes, SeTtral 
persons of considerable eminence, have, at difiereiit times, pretended 
that they had discovered the exact quadrature; but their errors 
have soon been detected, and it is now generally looked upon as a 
thing impossible to be done. 

But though the relation between the diameter and circumference 
cannot be accurately expressed in known numbers, it may yet be ap- 
proximated to any assigned degree of exactness. And in this man- 
ner was the problem solved by the great Archimedes, about two 
thousand years ago, who discovered the proportion to be nearly as 
7 to 22, which is the same as our first note. This he effected by 
showing that the perimeter of a circumscribed regular polygon of 
192 sides, is to the diameter in a less ratio than that of 3|f to 1, 
and that the perimeter of an inscribed polygon of 96 sides is to the 
diameter in a greater ratio than that of S^f to 1, and from thence 
inferred the ratio above mentioned, as may be seen in his book De 
Dimensione Cireulu The same proportion was also discovered 
by Philo Gedarensis and ApoUonius Pergeus at a still earlier peri- 
od, as we are informed by £utocijas in his observation^ on a work 
called Ocyteboos. 

The proportion of Vieta and Metius is that of 113 to 365, which 
is something more exact than the ibrmer, and is the same as the 
second note. 

This is a very commodious proportion: for being reduced into 
decimals, it agrees with the truth as far as the sixth figure inclusive- 
ly. It was derived from the pretended quadrature of a M. Van 
Eick, which first gave rise to the discovery. 

But the first who ascertained this ratio to any great degree of 
exactness was Van Ceulen, a Duchman, in his book, De Circuio et 
Adicriptu, He found that if the diameter of a circle was 1, the cir-! 
cumference would be 3.141592653589793238462643383279502884 
nearly; which is exactly true to 36 pUces of decimals, and was ef- 
fected by the continual bisection of an arc of a circle, a method so 

F 2 
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XXAMPLBS. 

1. If the diameter of a circle be 17, what is the circum- 
ference ? 

Here 3.1416 X 17=63. 4072=drcttfnferenc«. 

2. If the circumference of a circle be 354, what is the * 
diameter? 

Here ?51:??2.= U2.esi ^diameter. 
3.1416 

3. What is the circumference of a circle whose diame- 
ter is 40 feet ? Ans. 125.6640. 

4. What is the circumference of a circle whose diameter 
is 12 feet? Ans. 37.6992. 

5. If the circumference of the earth be 25000 miles, what 
is its diameter ? Ans. 7958 nearly. 

6. The base of a cone is a circle ; what is its diameter 
when the circumference is 54 feet ? Ans. 20.3718. 



■ 

extremely troublesome and laborious that it must have cost him in- 
credible pains. It is said to have been thought so curious a per- 
formance, that the numbers were cut on his tomb-stone in St. Peters 
Church-yard, at Leyden. This last number has since been confirm- 
ed and extended to double the number of places, by the late inge- 
nious Mr. Abraham Sharp, of Little Horton, near Bedford, in Tork- 
shire. 

But since the invention of Fluxions, and the Summation of Infi- 
nite Series, there have been several methods discovered for doing 
the same thing with much more ease and expedition. The late 
Mr. John Machin, Professor of Astronomy in Gresham College, has 
by these means given a quadrature of the circle which is true to 100 
places of decimals; and M. de Lagny, M. J^uler, &c. have carried it 
still farther. All of which proportions are so eltremely near the 
truth, that, except the ratio could be completely obtained, we need 
not wish for a greater degree of accuracy. 
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PROBLEM X. 
To find the length of any arc of a circle. 

RULE.* 

1 When the chord of the arc and the versed sine of half 
the arc are given* 

To 15 times i^e square of the chord, add 33 times the 
square of the^^i^i^d sine»t and reserve the number. 

To the sq^j^^i^f the chord, add 4 times the square of 
the versed" si^^ ind the square root olf^the sum will be 
twice the chord of half the arc. 

Multiply twice the chord of half the arc by 10 times 



* Demon. Put c=i the chord of the arc, and ©=the vers- 
ed sine of half the arc, then the rule may be expressed thus: 

x/(4ca+i?2).10i?2 
x/(4c^+4i>0+ 60c^+33i^ = ^ V {c- +v^) .{1 + 



(lOu X 

60 ^ —nv J 

2^^K^+605=^)=^^^%^+6S+405^+^^ 

V 3ca 5u3 
Now ^<^»-(l+65+4o5s+Ti553 + *^^-) '^ known 

to be the length of an arc whose diameter is d, and the 
versed sine of half the arc v; and this differs from the 

61i>3 
precfedmg only by 5^95^ &c. 

t Here, as in many other places in the following-part of the work, 
the term vtttoi nne is used instead of verted sine of half the arc ; but 
in all coses o^the kind, it is the versed sine of half the arc that is to 
be understo^ 
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the square of the versed sine, divide the product by the re- 
served number, and add the quotient to twice the chord of 
half the arc : the sum will be the length of the arc very 
nearly. 

When the chard of the arc^ and the chord of half the arc 
are given, — From the square of the chord of half the arc 
subtract the square of half the chord of the arc, the remain- 
der will be tiie square of the versed sine : then proceed as 
above. 

2. When the diameter and the versed sine of hd^ the arc 
are given. 

From 60 time^^he diameter subtract 27 times the versed 
sine, and reserve the number. 

Multiply the diameter by the versed sine and the square > 
root of the product will be the chord of half the arc, i 

Multiply twice the chord of half the arc by 10 times the 
versed sine, divide the product by the reserved number, and 
add the quotient to twice the chord of half the arc; the sum 
will be the length of the arc very nearly. 



Note 1. — When the diameter and chord of the arc are 
given, the versed sine toay be found thus: From the square 
of the diameter subtract the square of the chord, and ex- 
tract the square root of the remainder. Subtract this root 
from the diameter^ and half the remainder will give the versed 
sine of half the arc. 

2. The square of the chord of half the arc being divided 
by the diameter will give the versed sine, or being divided 
by the versed sine will give the diameter. 

3. The length of the arc may also be found by multiply- 
ing together the number of degrees it contains, the radius 
and the number .01745329. 

Or, as 180 is to the number of degrees in the arc, so is 
3.1416 times the radius, to the length of the arc. 



OF StrPBRFICIBS. 69 

Or, as 3 is to the number of degrees in the arc, so is 
.06236 times the radius, to the len^ of the arc.* 

EXAMPLES. 

1. If the chord DE be 48, and the versed sine CB 18, 
what is the length of the arc ? Ans. 64.2959. 



Here 48^ x 16=34660 
18»X 33= 10692 



45262 reserved number. 
48*=2304=<^ square of the chard. 
-^a x4=1296=4 times thesquare oftheversed sine* 

^3600=60=ftwce the chord of half the arc ACB. 
•y. eOXlS^XlO 194400 

^^ 46252 =^6252 =^'^^^^> ^^ ^'^^ ^^ 
tmce the chord of half the arc gives 64.2969=<A6 length of 
the arc. 

2. Given the diameter CE 60, and the versed sine CD 
18, what is the length of the arc ? Ans. 64.2969. 

* When very great accuracy is required, the' following theorem 
may be used. Let d denote the diameter of the circle, and v the 
▼ersed sine of half the arc, then the aras=2 ^ do X (1 + 
V 3v^ 5c 3 35t>* 63iJ« 
1 \- I 1..J j.^ &,c.) 

6(2 40d^ 112d3 1162i24 2816<2' 



y^ 
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60X60=3000 
18X27= 486 



2514 resened mtnAo'. 



AC=v^60xl8«=30=lAc chard ofktiffthe arc. 



30X2X18X10 10800 • • , , 
-_ ~ ^mT^ ^•^^^^» which added to twtce 

the chord of half the arc gives 64.2959=<A6 length ef the 
arc ACB. 

3. The chord of the whole arc is 7, and the versed sine 
2, what is the length of the arc ? Ans. 8.4343. 

4. The chord of the whole arc is 40, and the versed sine 
15r what is the length of the arc ? Ans. 53.5800. 

5. The chord of tSe whole arc is 50, and the chord of 
' half the arc 27, required the length of the arc. 

Ans. 65.3720. 

6. Given the diameter of the circle 100, and'the versed 
sine 9, required the length of the arc. Ans. 60.9380. 

7. Given the chord of the whole arc 16, and the diameter 
of the circle 20, required the* length of the arc. 

Ans. 18.5439. 

8. The diameter of the circle is 50, and the^chord of 
half the arc 30, what is the length (^ the arc ? 

Ans. 64.296ar 

9. The chord of half the arc is 25, and the versed sine 
15, required the length of the arc. Ans. 63.5800. 

PROBLEM XI. 
To find thf area of a circle. 

RULE L* 

Multiply half the circumference hj half the diameter, 
and the product will be the area. 

* Demon. A circle may be considered as a regular polygon of 

^ an infinite number of sides, the ciFCumference being equal to the 

^ perimeter, and the radius to the perpendicular. But the area of a 

regular polygon is equal to half the perimeter multiplied by th« 



\ 
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Or take J of the product of the whole' circumfeT^ACe and 
diameter. 



EXAMPLES. 

1 . What is the area of a circle whose diameter is 4% and 
circumference 131.946 ? 

2)131.946 

66.973 = 4 drumference^ 
21 = 4 diameter. 



66973 
131946 



1 385.433 ass area required. 

2. What is the area of a circle whose diameter is 10 
feet 6 inches, and circumference 31 feet 6 inches ? 

fo. in. 

15 9 = 1 5.75 =s4 circumference. 
6 3= 5.25 =i diameter. 



7875 
3160 
7875 

82.6875 
- 12 

8.2500 



Ans. S2feet 8 inches. 



perpendicular, and consequently the area of a circle ie equal to 
half the circumference multiplied by the radius, or half the diame- 
ter. Q. £. D. 

Thif rule may be otherwise demonstrated by the doctrine of flux- 
ons. 
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3. What 18 the area of a circle whose diameter is 1, and 
circumference 3.1416 ? Ans. .7854. 

4. M^hat is the area of a circle whose diameter is 7, and 
circum%ence 22 ? Ans. 38^. 

RULE II.* 

Multiply the square of the diameter by .7854, and the 
product will be the area ;- or, 

Multiply the square of the circumference by .07958 and 
the product will be the area. 

* Demon. All circles are to each other as the squares of their 
diameters. (Euc. XII. 2.) 

Bat the 'area of a circle whose diameter is 1, is .7854, &c. (by 

.7854, &C. X d* 

Rule I.) Therefore 1* : d^^ : : .7854, &c.: = 

1 
.785, iic.Xds=inTeh, of a circle whose diameter is d. Q. E. D. 
The following propoxtions are those oiMeiius and Arthimeiet, 

As 452 : 355 : : square of the diameter : area. 
^ As 14 : 11 : : square of the diameter :-area. 
If the circumference be given, instead of the diameter, the a|ea 
may be found as follows; , "^^ 

The square of the circumference X'>.07958=area. 
As 88 : 7 : : square of the circumference : area. 
As 1420 : 113 : : square of the circumference : area. 
And if <{ be the diameter, e the circumference, a the area, ando 
==33.14159, &c. then: |p 

c 4rt a 

1. d=— =— =2\/— 

pep 
i 4a 

2. c=^pd^ — =2\/jpa 

d 
pd? c» dc 
3. a= — = — = — 
4 ^4p 4 

The following table will also show most of the useful problems 
relating to the circle and its equal or inscribed square. 

1. diameter X .8862=side of an equal square. 

2. circumf. X .2821 =side of an equal square. \ 

3. diameter X .707 \ =side of the inscribed square. "^ 

4. circum* X .2251= side of the inscribed square. 
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exampi.es. 



1. What is the area of a circle whose diameter is 6 ? 
.7864 

25=square of the diameter. 



39270 
15708 



19.6350=tAe ansuyer, 

2. What is the area of a circle whose diameter is 7 ? 

Ans. 38.4846. 

3. What is the area of a circle whose diameter is 4.5 ? 

Ans. 16.9043. 

4. How many square yards are there in a circle whose 
diameter is 3i feet ? Ans. 1.0690. 

6. How many square feet are.tliere in a circle whose 
circumference is 10.9956 yards ? -Ans. 86.5933. 

6. How many square perches are there in a circle 
whose circumference is 7 miles ? Ans. 399300.6080. 

PROBLEM Xn. 

To find the area of a sector, or that part of a circle which 
' is bounded by any two radii and their included arc, 

RULE.* 

Find the length of the arc by Problem X. then multiply 
the radius, or half the diameter, by the length of the arc of 
the sector, and half the product will be the area. 

^^^Mi^^^.^1^— ^Bli^M^— — ■ ■ ■ W ■ ■■■- ^^^^I.IB ■■ ^MM. — il -I. ■■ ■■» I ■ " ■■I ■^^^■^■^■.^l^M^M^^^^^ 

6. area X .6366=side of the inscribed square. ' 

6. side of a square X 1.4142=diam. of its circums. circle. 

7. side of a square X 4.443=circumf. of its circums. circle. 

8. side of a square X 1 . 128 —diameter of an equal circle. 

9. side of a square X 3.645=cii'cumf. of an equal circle. 

* The rale for finding the area of the sector, is evidently the 
same as that for finding the area of the whole circle. 
G 
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Note. — If the diameter or radius is not given, add the 
square of half the chord of the arc, to the square of the 
▼eraed sine of half the arc ; this sum being divided by the 
▼ersed sine, will give the diameter. 



EXAMPUBS. 



1. The radius AB is 40, and the chord BC of the whole 
arc 60y required the area of the sector. 

D 




ao—v 803—603 . 

g =8.7760=<A6 versed sine of half the arc. 



80x 60—8.775 X 27= 4563.0760 =<Ae reserved number. 

2 X >/8.7750 XQb=5^M06=twicethechordi^halftheafe. 
62.9906X8.7760x10 
4663 0750 =1.0190 which added to twice the 

chord ofhalfthetMrc gives 64.0096 the length of the arc. 

And ^li^^ili^ =l080.1920=area of the sector re- 

2 

quired. 

2.. Find the area of the sector, the chord of whose arc is 
40, and the versed sine of half the arc 16. 

Ans. 668.1260. 

3. Required the area of the sector, the chord of half the 
arc being 30, and the diameter of the circle 100. 

Ans. 1623.4500. 
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4. Given the diameter of the circle 60, and the versed 
sine 18, to find the area of the sector. Ans. 803.69876. 



RULE II.* 

• ■ > 

Afl 360 is to the degrees in the arc of a sector, so is the 
area of the whole circle, whose radius is equal to that of the 
sector, to the area of the sector required. 

Not^-^FoT a semicircle, a quadrant, &;c. take one half, 
one quarter, &c. of tlie whole area. 



. EXAMPLES. 

1. The radius of a sector of a circle is 20, and the de- 
grees in its arc 22; what is the area of the sector ? 

Here the diameter is 40. 

Hence, by Rule II. Prob. XII. the area of the cirde= 

402 X .7854= 1600 X .7854= 1256.64. 

Now, 3B0^ : 22*^ : : 1266.64 : 76.7947= area ^^fc sec- 
tor. 



* Demon, Let r= radius, c2=number of degrees in the 
arc of the sector, and A=its area. 

Then will 4r^ X .7864 =r2 X 3. 14 16= area <rf* the whole 
circle, and 2r X 3. 1 4 1 6 =its circumference. 

Also 360 : 2rX3.14l6 ::d: l!^!2^|dil5 « length of 

360 -» 

r*k ^♦^^ B *2drX3.14l6 , cfr^ X3.1416 
the arc of the sector. But -— x i X r = s^rr— 

= A, by the last rule. And consequently 360 : d : : r^ x 
3.1416 : A. Q, E. D. 
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2. Required the area of a sector, whose radius is 25, and 
the length of its arc 147 degrees 29 minutes. 

Ans. 804.3987. 

3. Required the area of a semicircle whose radius is 13. 

Ans. 265.4652. 

4. Required the area of a quadrant whose radius is 21. 

Ans. 346.3614. 



PROBLEM XIII. 
To find the area of a 9egment of a drble* 

RULE L* 

1. Find the area of the sector, having the same arc with 
the segment, by the last problem. 

2. Find the area of the triangle formed by the chord of 
the segment, and the radii of the sector* . 

3. Then the sum, or difference, of these areas, according 
as the segment is greater or less than a semicircle, will be 
the area required. 

Noie. — The difference between the versed sine and radius, 
multiplied by half the chord of the arc, will give the area of 
the triangle. 

EXAKFLBS. 



^ 1. The radius OB is 10, and the chord AC 10 ; what is 
the area of the segment ABC ? 



* This rule is too evident to need a demonstration^ 
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CD= :^_i^ ^5=the ver^d sine of half the are. 



20x60 -— 5 X 27= 1065= <A^ reserved number. 

10x2x6xl0 _ ,,.,,, . , 1 J 
— g == .9390, and tins added to twice the chord 

ofhaJ^the arc gives 20.9390= <Ae length of the arc. 
20.9390 X 10^ 104.6950= area of the sector OACB. 

OD= OC — CD= 6 the perpendicular height of the tri- 
angle. 

AD= y/ AO^—OD^= y/lS= 8.6603= i the chord of the 
arc. „ 

8.6603 X 5= 43.30 15= the area of the triangle AOB. 

104.6950—43.30 15= 6 1.3936= area of the segment re- 
quired; it being in this case less than a semicircle. 

'2. Required the area of a segment whose height is 2, 
and chord 20. Ans. 26.8783. 

3. Required the area of a segment of a circle, the ra- 
dius being 10, and the chord of the arc 12. Ans. 16.3500. 

4. Required the area of a segment of a circle, whose 
chord is 16, and the diameter of the circle 20. 

Ans. 44.7196. 

5. What is the area of a segment whose arc is a qu^- 
rant, the diameter of the circle being 18 feet ? 

Ans. 23.1174. 
G « 
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6.* What is the area of a segment, whose arc contains 
300 degrees, the diameter being 50 ? Ans. 1906.8831. 

RULE li.t 

1. Divide the height, or versed sine, by the diameter^ 
and find the quotient in the table of versed sines. 

2. Multiply the number on the right hand of the versed 
sine by the square of the diameter, and the product will be 
the area. 

Note 1. — When the diameter or versed sine js not given^ 
it may be found by the notes, page 68 or 74. 

Noie 2. — When the quotient arising from the versed 
sine divided by the diameter, has a remainder or fraction 
after the third place of decimals ; having taken the area 



''' The chord of the arc will evidently be equal to the radius of 
the circle. 

t The table to which this rule refers, is formed of the areas of the 
segments of a circle whose diameter is 1; and which is supposed to 
be divided by perpendicular chords into 1000 equal parts. * 

The reason of the rule itself depends upon this property — That 
the versed sines of similar segments are as the diameters of the cir- 
cles to which they belong, and the areas of those segments as the 
squares of the diameters; which may be thus demonstrated. 

Let ADBA and adba be any two similar segments, cut oflTftom the 
similar sectors adbca and adbca^ by the chords ab and a6, and let 
the perpendicular co bisect them. 

Then by similar triangles, db: 
db : : bc : 5c and db : db:: nm : dn; 
whence, by equality, bc : bc : : wn : dn, 
or 2bc : 2&c : : Dm : dn. 

Again, since similar segments are as 
the squares of their chords, it will be 
ab^ : ab^ : : seg. adba : seg, adba; but 
abS : ab^ : : cbs : cb^ ,whence, by equal- 
ity, seg. abda : seg. adba : : cb^ : c6a , 
or seg. adba : seg. adba : : 4cbs : 4cb^ . Q. E. D. C 

Now, If d be put equal to any diameter, and v the versed sine, it 

t; 
will be d:v::\ (diameter in the table): — ^nrersed sine of a simiUr 

d 
segment in the table, whose area let be called a. 
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answering to the first three figures, subtract it from the 
next following area, multiply the remainder by the said 
firaction, and add the product to the first area, tiien the 
sum will be the area for the whole quotient. 



BXAMPLSS. 

1 . If the chord of a circular segment be 40, its versed 
sine 10, and the diameter of the circle 50, what is the 
area? 

6.0; 1.0 

.2=tidnilar versed sine, 
.111 823= tabular segment. 
2500==^ square of QO. 



55911500 
223646 



279.557500= area required, 

2. The chord of the segment is 20, the versed sine 5, 
what m the area? Ans. 69.889375. 

3. The diameter of a circle is 40, and the versed sine 
10; what is the area of a segment? Ans. 245.6736. 

4. If the diameter be 52, and the versed sine 2, what 
is the area of the segment? Ans 26.9197. 

5. If the chord of half the arc be 30, and versed' sine 
9, what is the area of the segment? Ans. 350.1 100. 

6. The diameter of a circle is 100, and the chord of 
the arc 60: what is the area of the segment? 

Ans. 408.76. 



Then P :d^ z : a : ad^ =AreB. of the segment whose height is v, 
and diameter cf as in the rule. 
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PROBLEM XIV. 

To find the area of a circular zone^ or the space included 
between any two parallel chords and their intercepied 
arcs. 



^ . RULE* 

From the greater chord subtract half the difference be> 
tween the two, multiply the remainder by the said half dif- 
ference» divide the product by the breadth of the zone, and 
add the quotient to the breadth. To the square of this 
number add the square of the less chord, and the square 
root of the sum will be the diameter of the circle. 

Now, having the diameter EG, and the two chords AB 
and DC, find, by Prob. XIIL Rule IL the areas of the 
segments ABEA, and DCED, the difference of which will 
be the area of the zone required. 

Note 1. — The difference of the tabular segments multi- 
plied by the .square of the circle's diameter will give the 
area of the. zone. 

Note 2. — When the larger segment AEB is greater 
than a semicircle, find the areas of the segments AGB and 
DOE, and subtract their sum from the area of the whole 
circle^ the remainder will be the area of the zone. 



* The reason of this rule is too obvious to require a demoiistra- 
tion. 

j\fote, — ^When the two parallel sides of the zone are equal, the 
chord of the small segment will be equal to the breadth of the zone, 

and the height of this segment will be equal to V \ab3 ^\as3=sz^ am; 
at being put for the breadth of the zone. 

And when one of the sides is the diameter of the circle, the chord 

of the same segment will be ^/a«3-f>D3, and its height=s^Aft 
— >^j4B*--ia#2 — 4©* where dsJab — dc. 
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EXAMPLES. 



1. The greater chord AB is 20, the less DC 15, and 
their distance Dr 17^ : required the area of the zone 
ABCD, Ans. 395.4388. 

E 




20^15 

— 5 — =2.6 ^^ the d^erence hetween the two chords. 

1 7.6+ (20-2-5) X 2.5 ^ 1 7.54.2.5=, 20= DF. 

I / .o 

And \/20H-l53 ==v'625=25=<Ae diameter of the dr. 

The segment AEB being greater than a semicircle^ toe 
find by note 1, page 68, i^ versed sine of DC£=2«5, and 
that of AGiB^=:b. 

Pence hy Prob. XIII. Rule J/., ~ = .100 = tabular 

25 

versed sine of DEC. 

And ^ = .200^ tabular versed sine of AGB. 

25 

Now .040875 X 25== area ofseg. DEC=25;546875 
And . 111823 X 252= area q/'^eg:. AGB =69.889375 

sum 95.43625 

By Prob. XL Rule IL .1^54 x25^ } ^^^ o^i^aa 
^ area of the whole circle ^= 490.87500 

Difference ^area of the zone ABCD =395:43875 
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2, The greater chord is 96, the lesser 60, and the 

breadth 26; what is the area of the zone ? 

Ans.- 2 136.7500. 

3. One end of a circular zone is 48, the.other end is 30, 
and the breadth is 13; what is the area of the zone ? 

Ans. 534.1876. 

PROBLEM XV. 

Tojind the area of a circular ring, or the space induded 
between the eircuinferences of two concentric circles, 

RUUE.* 

The difference between the areas of the two circles will 
be the area of the ring. 

Or, multiply the sum of diameters by their difference, 
and this product again by .7854, and it will give the area re- 
quired. 

1. The diameters AB and CD are 20 and 16; required 
the area of the circular ring, or the space included between 
the circumferences of those circles. 



* Demon. The area of the circle aeba=ab« X .7864, 
and the area of the small circle cd issncn^ X .7864 ; there- 
fore the area of the ring=AB3 X.7854 — cj>3x.7854 = 

AB+CD Xab — cdX .7854. Q. E. D. 

CoroU, If CE be a perpendicalar at the point o, the area of the ring 
will be equal to that of a circle whose radius is ce. 

RiUe 2, Multiply half the sum of the circumferences by half the 
difference of the diameters, and the product will be the area. 

This rule will also senre for any part of the ring, using half the 
JBum of the intercepted arcs for half |he sum of the circumferencet. 



OF S17FSSIIOIB8. 83 



ififere AB+CDXAB— GD^35X6=:I75; and 176x 
. 7854 =s 137.4450= area of the ring required. 

2. The diameters of two concentric circles are 16 and 
10; what is the area of the ring formed by those circles ? 

Ans. 122.6224. 

3. Thp two diameters are 21.76 and 9.5, required the 
area of ifce circular ring. Ans. 300.6609. 

' 4. Required the area of the ring, the diameters of whose 
bounding circles are 6 and 4. Ans. 15.708. 

PROBLEM XVI. 

To find ike areas of hineSf or ike spaces b^ween the in- 
tersecting arcs of two eccentric circles. 

, RULE.* 

Find the areas oHhe two segments from which the lune 
is formed, and their difference will be the area required. 



* Whoever wishes to be acquainted, with the properties of lunes, 
and the various theorems arising from them, may consult Mr, Wit- 
torCt Commentary on Taequefs Euclid^ where they will find this 
subject very ingeniously managed. 

The following property is one of the most curious: 
If ABC be a right angled triangle; and semicircles be described 
on the three sides as diameters, then will the said.triangle be equal 
to the two lunes D and F taken together. 




A B 

For tife semicircles described on AC and BC=the one described 
on AB ^31.66,) from each take the segments cut off by AC and BC 
then will the lunes AFC£ and BDCChrt=the triangle ACB. ' 

Q. E. D. 
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The length of the chord AB is 40, the height DC 10, 
and D£ 4; required the area of the lune ACBEA. 



C 




Bjf note^ page 74, the diameter of the circle of whu^ 

Ann • ^ 20^+10* .^ 
ACB w a part= ! = 60. 

And the diameter of the circle of icMch AEB is a part 

20^+4^ 
= __ =104. 

Now^ having the diameter and versed sines, we find hv 
Prob. XIII. Rule III. 

The area of seg. ACB= . 1 1 1823 X SO^ = 279.5675 
And area of seg. AEB =.009955 X IO42 =107.6733 



Their difference is the area of the f ,„- 00^0 
lune AEBCA, required, ] = *^l-»«42 

.2. The chord is 20, and the heights of the segment lO 
and 2 ; required the area of the lune. Ans. 130.1599. 

3. The length of the chord is 48, and the heights of the 
segments 18 and 12 ; required the area of the lune. 

Ans. 233.8122. 



PROBLEM XVII. 

To find the area of an irregular polygon^ or a figure of 

any number of sides. 
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RULE.* 



1. Divide tbe figure into triangles and trapeziums^ and 
find the area of each separately. 

2. Add these areas together, and the sum will b^ equal 
to the area of the whole polygon. 



EXAMPLES. 



1. Required the area of the irregular figure ABCDEF 
GA9 the following lines being given. 

GB==30.6 An=11.2, CO=6 
6D=29 F^=ll C«=6.6 
FD«:24.8 Ep=4 ...... 



»' E 



.U«i..—' 



.- «/ .^ • 

N. ; 

; 'ff 



* When any part of the figure is boonded by a curve, the area 
may be found as follows: 

Rule 1. Erect any number of perpendloolars upon the base, at 
equal distances, and find their lengths. 

2. Add the lenffths of the perpendiculars, thus found, together, 
and the sum divided by their number will give the mean breadth. 

3. Multiply the mean breadth by the length of the base, and it 
will give the area of that part of the figure required. 

H 



86 MENSURATION 

jg^^An+Co^ ^TR_ 11.2+6 ^ 30.^8.6 X 30.6=262.3 
2 2 

sszarea of the trapezium ABCG. 

And !i±^xGD =111^^X29 = 8.8X29 ==266.2 
2 2 

ss area cf the trapezium GCDF. 

AUo ?5><El'..?l:?iil=?£:?.=49.6 ^area of the tn- 

2 2 2 

angU FDE. 

Whence 262.3+266.2+49.6=667.1 c=area oftheuMe 
figure required. 

2. '^In a pentangular field, beginning with the south side 
V Isind measuring round towards the east, the first, or south 
side, is 2736 links, the second 3116, the third 2370, the 
fourth ^926, and the fifth 2220 ; also the diagonal from the 
first angle to the third is, 3800 links, and that from the 
third to the fifth 4010; required the area of the field. 

Ans. 117 ac. 2 ro. 39 po. 

Promiscuoua Questions concerning Lines and Areas^ 

1 . Given AC= 32, AD= 3, EC= 8, the perpendicular 
DG= 4, and the perpendicular EF=6, to find the area of 
the triangle ABC and the sides AB and BC. 



To find the area of mixed or compound figures, or such as are 
composed of rectilineal and curvilineal figures together; the rule 
is to find the area of the several figures of which the whole figure 
is composed, then add all the areas together, and the sum will be 
the ared of the whole compound figure. And in the same man- 
ner may anj irregular field or piece of land be measured, by divid- 
ing it into trapeziums and triangles, and finding the area of each 
separately. 

* J^ote, As this figure consists of three, triangles, all of whose 
sides are given, by calculating their areas according to Problem III. 
the sum will be the area of the whole figure accurately, without 
drawing perpendiculars from the angles to the diagonals. 

The same thing may also be done in most other cases of this kind. 
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AD 



Draw GH parallel to BC, then since the sides about 
the equal apgles in equiangular or similar triangles arc pro- 
portional, we have in the similar triangles CEF and HDG, 
FE : EC ; : GD : DH =y, which added to AD will gi?e 
AH = *-^. Also in the sim. A's AGH, ABC, AH : AC 
: : GD : BI=1 5.36, and this multiplied by half the base 
will give the area of ABC=245.76. 

Again in each of the right angled triangles ADG and 
CEF we have the two legs to find the hypothenuses AG=»= 
6 and CF= 10. Now by sim. A's ADG, AIB, GD : GA 
; ; BI : BA = 19.2; and FE : FC : : BI : BC. 

2. If from the right angled triangle ABC, whose base is 
VJy and perpendicular 16 feet, be cut off, by a line DE par- 
allel to the perpendicular, a triangle whose area is 24 
square feet; what are the sides of this triangle? 

C 




The area of the triangle ABC=ABx4BC=9e, 
taving AB and BC, AC may be fo""d=!?0. 

Now it is evident that the triangles ABC and AUE 
siinUar, and since the areas of sim. A's are as the .c., 
of their like sides, we have, > 
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Area ABC ! area ADE ; : AC^ : AE» 

Area ABC : area ADE : : BC^ : IJE* 

Area ABC : area ADE : : AB« : AD^ 

From which AE = iO, AB==6,and DE=8. Ans. 

3. A gentleman in his yard has a circular grass plot, the 
diameter of which is 26 yards. Query the length of the 
string that would describe a circle to contain nine times as 
much. Ans. 37.5 yards. 

4. Suppose a ladder 100 feet long, placed against a 
perpendicular wall 100 feet high, how far would the top of 
the ladder move down the wall by pulling out the bottom 
thereof 10 feel? Ans. .6012563. 

5. *There is a circular pond whose area is 6028^ square 
feet, in 'the middlie of which stood a pole 100 feet high, now 
the pole having been broken,, it was observed that the top 
just struck the brink of the pond; what is the heigfit of the 
pole? Ans. 41.9968, 

6. tin a level garden there are two lofty firs, having 
their tops ornamented with gilt balls, one is 100 feet high, 
the other 80, and they are 120 feet distant at the bottom ; 
now the owner wants to place a fountain in a right line be- 
tween the trees, to be equally distant from the top of each ; 
what will be its distance from the bottom of each tree, and 
also from each of the balls ? 

i From the bottom of the lower tree 74 f&eA^ 
Ans. < From the bottom of the higher tree ^bfeeit> 
{ From each ball 1 09,6586 /ce<. 



* This problem may be constrncted by forming a right angled 
triangle, having the radium of the eircle for the base, and the length 
of the pole for the perpendicular; and erecting a perpendicular on 
the middle of thehypothenuse to cut the perpendicular of the tri- 
angle; this will determine the place where the pole was broken. 

t The figure to this question is thus constructed. Draw AC^ 
120, the distance of the trees ^X the bQttozn, v)4 erect the perpen- 



OF StrPSSFICIES. 



89 



7. A person wishes to enclose 6ac. Iro. 12po. in a tri- 
angle similar to a small triangle whose sides are 9, 8, and 6 
perches respectively ; required the sidei| of the triangle. 

Ans. 59.029, 62.47, and 39.363jicrc*«*. 

8. Required the sides of an isosceles triangle, containing 
Sac, Ore. 12per* and whose base is 72 perches. 

Ans. 45 perches each. 

diculam AE=height of'the Idwer tree, and CD=the higher. Join 
£D, and from the middle of it draw the perpendicular GF, and F 
wiU represent the place of the fountain. Join EF and DF, and 
draw £1 parallel to AC, and GB parallel to DC; then the trian- 
glei £ID and GBF being similar, the calculation is eyident. 




H 2 
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OF THE 



CONIC SECTIONS. 



DEFINITIONS. 

1. The conic sections are such plain figures as are form- 
ed by the cutting of a cone. 

2. * A -cone is a solid described by the revolution of a 
right-angled triangle. about one of its legs, which remains 
fixed. 

C 



3. The axis of the cone is the right line about which the 
triangle revolves. 



* This is Euclid's definition of a cone, and is that which is ge> 
neraUy best onderstood by a learner; but the following one is mdre 
jfreneral. 

Conceive the right line CB to move upon the fixed point C as a 
centre, and so as continually to touch the circumference of the cir- 
cle AB, placed in any position, except in that of a plane which pass- 
es through the said point; and then that part of the line which 
is intercepted between the fixed point and the periphery of the 
<nrcle will generate the convex superficies of a cone. 
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4. The base of a cone is the ciircle which is described by 
the revolving leg of the triangle. 

5. If a cpne be cut through the vertex/ by a plane 
which also cuts the base, the section will be a triangle. 




6. If a cone be cut into two parts, by a plane parallel 
to the base, the section will be a circle. 




7. If a cone be cut by a plane which passes through its 
two alant sides in an oblique direction, the section will be 
anetttpm. 




8. The longest straight line that can be drawn in an 
ellipsis is called the irananeree axis ; and a line drawn per- 
pencBcular to the transverse axis, passing through the cen- 
tre of the ellipse, and terminated both ways bf the circum- 
ference, is called the an^ngate axis. 



63 



9. An crdinate U a right line drawn friftn any point of 
tbe cuire, perpendicular to either of the dianietera. 



10. An abteUaa is that part of the diameter which ia 
cuntained between the vertex and the ordinate. 

11. If a cone be cut by a plane, which ia pasallel to 
either of its slant sides, the section will be a parabola. 




\t. The axis of a parabola ia a right line drawn from 
the vertex, so as to divide tbe figure into two equal parte. 



13, The ordinate is a right line drawn from any point in 
the curve perpendicular to the axis. 

14. The abteiiea is that part of the axis which is oon- 
tained between the vertex and the ordinate. 
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15. *If a cone be cut into two parts, by a plane^ which, 
being continued, would meet the opposite cone, the section 
is called an hyperbola. 




16. The transverse diameter, or axis of an hyperbola, is 
that part of the axis intercepted between t£e two opposite 
cones. 

17. The conjugate diameter i& a line drawn through the 
centre perpendicular to the transverse. 

18. An ordinate is a line drawn from any point in the 
curve perpendicular to the axis ; and the abscissa is the 
distance intercepted between that ordinate and the vertex. 

PROBLEM I. 

To describe an ellipsis^ the transverse and conjugate diame- 

ters being given. 




* The two opposite cones, in this definition, are supposed to be 
generated together, bv the revolution^of the same line. 

All the figures which can possibly be formed by the cutting of 
a cone, are mentioned in these definitions, and are the five foUow« 
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Construction,''^ 1 . Draw the transverse and conjugate 
diameters, AB, CD, bisecting each other perpendicularly in 
the centre o. 

2. With the radius Ao, and centre C, describe an arc 
cutting AB in Ff; and these two points will be the foci of 
the ellipse. 

3. Take any number of points nn, &.c. in the transverse 
diameter AB» and with the radii An, nB, and centres Yfj 
describe arcs intersecting each other in *, *, &c. 

4. Through the points *, s, &.c. draw the curve A^CBD, 
and it will be the circumference of the ellipse required. 



PROBLEM II. 

In an ellipsis, any three of the four following terms being 
given, viz, the transverse and conjugate diameters^ an 
ordinate and itsabsdssar to find the fourth, 

CASE I. 

When the transverse, conjugate^ and abscissa are knofwn, to 

find the ordinate*. 



inf ones: viz, a trian^le^ a circle, an ellipsis, a parabola, and an hyper- 
bola; but the last three only are usually called the conic sections, 

* It is a known property of the ellipse, that the sum of two lines 
drawn from the foci, to meet in any point in the curve, is equal to 
the transverse diameter, and from this the truth of the construction 
is evident. 

From the same principle is also derived the following method. of 
describing an ellipse, by means of a string and two pins. 
- Having found the foci F,/, as before, take a thread of the length 
of the transverse diameter, and fasten its ends with two pins in the 
points F,y> then stretch the thread F^to its greatest extent, and it 
will reach to the point s in the curve; and by moving a pencil round 
within the thread, keeping it always stretched, it will trace out the 
curve required. 
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RULE.* 

As the transverse diameter is to the conjugate, 
So is the squar* root of the rectangle of the two ab- 
scissas, 

To the ordinate which divides them. 

EXAMPLES. 

1. In the ellipsis ADBC, the transverse diameter AB is 
120, the conjugate diameter CD is 40, and the abscissa BF 
24 : what is the length of the ordinate EF ? 
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mre 120 (AB) : 40 (CD) : : y/ 96x24 (AFxFB) : 
v/96X24=j ^ 2304=1 X 48= 16=EF<Ac ordinate 



120 

required. - 

2. If the transverse diameter be 35^, the conjugate 26, 
and the abscissa 28 : what is the ordinate ? Ans. 10. 

t 

' - * 

CASEJI. • 

When the tramverse, conjugate^ and ordinate are hnoum^ 

to find the abscissa. 



f Let /=the transverse diameter, c= conjugate, ar=any 
abscissa, and y=ordinate. Then will the general equation 
expressing the property of the ellipse, be i^ : c^ : : as X {t — x) 
: 5r^ ; and from this the four rules here given are deduced, 



the one above being y= — \/a? X t — x. 

t 
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RULE * 

As the conjugate diameter is to the transverse^ 

So is the square root of the difference of the squares of 
the ordinate and semi-conjugate, 

To tile distance between the ordinate and centre. 

And this distance being added to and subtracted from 
the semi-transTerse, will give the two abscissas required. 

EXAICPLES. 

1. The transverse diameter AB is 120, the conjugate di- 
akneter CD is 40, and the ordinate F£ is 16 ; what is the 
abscissa FB ? 



Jl€rc40(CD) : 120(AB) :: V20>— .16>(VOB^— FE^): 

120 r- 

— ^20a—16a=8>/ 400— 266=3>/ 144=3X12=36= 

OF, the distance from the centre, 

W%e?ice 60(OB)— 3i5(OF)=24=BF > ■ , . 

And 60(OA)+36(OF)=96=AF5 ^two abscissas 
required* 

2. What are the two abscissas to the ordinate 10, the 
diameters being 35 end 25 ? Ans. 7 and 28. 

CASE III. 

When the ecnjugate, ordinate, and abscissa are knowny to 

ftnd the transverse, 

RULE.t 

1. To or from the semi-conjugate, according as the 
greater or less abscissa is used, add, or subtract the square 



* This rule in algebraic terms is as follows : The greater ab- 

t t t t 

scissa X = ■r+~ y/ \c^ — y^ or the less ap=f- — — >/ ^^^ ^^ 

t This rule m algebraic terms is as follows : Cs=(c+2 



.1 
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root of the di£5erence of the squares of the ordinate and 
semi-cosgugate. . ^ 

2. Then, as this sum or difference, is to the abscissa, 

So is the conjugate to the transverse. 

• ■*• 

EXAMPLES. 

.* - - - 

1 . The conjugate diameter CD is 40, the ordinate EF 
is 16, and the abscissa FB 24: required the transverse 
AB. 



• Bicre 20— V20^— 162(VOC«— EFa)=20— 12=8. 
And 8 : 24 :: 40 :120, the transverse diameter required, 

2.. If an ordinate and its lesser abscissa be 10 and 7, and 
the conjugate 25^ what is the transverse ? Ans. 35* 

CASE IV. 

The troMverse, ordinate, and abscissa being given^ to find 

the conjugate. 

RULE.* 

As the square root of tbe product of the two abscissas^ is 
to the ordinate, so is the transverse diameter, to tha conju- 
gate. 

EXAMPLES. 

♦' 1. The transverse AB is 120, the ordinate EF 16; and 
the abscissa FR 24: required the conjugate. 



J. V ex ex 

Vic-a— ya) X g— , or t= {c—2y/lc^—y^) X g— according 

as the greater or less abscissa is used. 

1 
* The rule in algebraic terms is ty x ■ -^^c the 

y/tx—xx ' 
conjugate, or shortest diameter. 
I 
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Here y/ 24X 96 (y/BFx AF) : 16 (EF) : ; 120 (AB ) 
: 16X120-5-\/24X96==lt)Xl20~v/2304= 16X120-T- 

,^ 16^X120 ISO ^ , 

48= —'—Tq == — ^ = 40 theconjugcUe diameter re^utrecL 

2. The transverse diameter is 35, the ordinate is 10, and 
its abscissa 7: what is the conjugate ? 'Ans. 25. 

PROBLEM III. 

To find the dreumference of an eU^se^ the transverse and 
conjugate diameters being known. 

RULE.* 

Multiply the square root of half the sum of the squares 
of the two diameters by 3.1416, and the product will be 
the circumference nearly. 



* Demon. . Let tsstransyerse' diameter, c=conjugaie,p=3.1416, 
c d 3<22 

and d=l— ^a- Then will i>/ X (l— -^-^ 2Ja^4~ 

3.3-5^3 ^ „ . 

2 2 4 4 fi fi ^^')= circumrerence of the ellipse, as ' is 

shown by the the writers on fluxions. 

<*+c* 1 c* 
Now the rule given above ispV — ■ — = pt'y 1 •«) 

=l>«y.(l— "2 +2ja)=(by substitution) jp<V(l— I )=.ptK 

( 1 — — ^&c. But the first three terms of this 

2.2 23.4 2* .4.6^ 

series differ from the first three terms of the former only by 

d^ 

• therefore the rule is shown to be an approximation. Q. E. D. 

64 

Ruie% Multiply i the sum pf the two diameters by 3.1416, and 
the prodact will give the circumference exact enough to anttoer 
most practical purposes. 

Rule 3. Find the circumference both from the 4ast rule and that 
given above, and ^ the sum of the results will give the circumfe- 
rence extremely near. 
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EXAMPLES. 

1. The transversa diameter is 24, and Ae conjugate 20 : 
required the circiiinference of the ellipse.. 

AB2+CD2 ,243+203 -676 + 400 
S^^eV-—^ =v^ 2— =v^ ^-^ = 

-x/ 288+200=^488= V 22.09. 

And 22.09X3.1416=69.397944 the circumference re- 
quired., . 

2. The axes are 24 and 18; what is the circumfereHce ? 

Ans. 66,6434. 

PROBLEM IV. 

To find the area of an eUipse, the transverse and c(mjugaie 

diameters being given. 

RULE.* . 

Multiply the transverse diameter by the conjugate, and 
the product again by .7864, and the result will be the area. 

Or multiply .7854 by one axe, and the product by the 
other. .^ * 



Kote. — If fl = semi-transverse BO, C == semi-conjugate CO, and 
X = distapce OF, of the ordinate £F from tlie centre, then will the 

arc CE be = a: X •( 1+ — x^ J -—- — x* + 

^ 6a* ^ 40a8 ^ 

8a*c2 — 4a»c^+c8 ^ j. 

I12a^* 

The following may serve as a practical rule for finding the length 
of the arcCE. 

Find the length of a circular arc intercepted by OE and OC, and 
whose radius is ^ the sum of 0£ and OC, and it will be the elliptic 
arc C£ nearly, 

* The demonstration of this rule is contained in* that of the next 
problem. 
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EXAMPLES. 



1 . What is the area of an ellipse whose transverse dia- 
meter is 24, and the conjugate 18 ? • 

Here 24 X 18 X ;78fiL4 =339.2928 =flrca rt^iuired. 

2. If the axes of an ellipse be 35 and 25, what is the 
area ? . Ans. 687.226. 

3. Required the area of an ellipsis whose two axes are 
70 and 50. Ans. 2748.9. 

PROBLEM V. 

• . 

To find the area of an elliptic segment^ whose base is paral- 
lel to either of the axes of the eUtpse. 

RULE* 

1. Divide the height of the segment by that axe of the 
ellipse of which it is a paTt, and find inr the table a circular 
segment, whose versed sine is equal to the quotient. 



* Demon. Let the transverse dianxetor 2ab =<, the con- 
jugate CD=c, A6=a;, and BG=y; then by the property of 

the curve we shall have y=== |v/^;^IIJ^ and the fluxion 

o . . . ' __^ , 

of the area eaf= {yx) ==■ "^ x xVtx — x^ . But x x s/t;p — x^ 

is known to express the fluxion of the corresponding circu- 
lar segment, whose versed sine is a:, and the diameter.^. 
Let the fluent of this expression therefore be denoted by a, 

and then the fluent of f x i V tx^x^ will be = - X a, 

from whence the rule is derived. Q. E. L 

Corol. The ellipse is equal to a circle whose diameter is a mea^ 
proportional between the two axes, and fyom hence the rule ia form* * 
•d for the whole eUipie, 
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2. Multiply, the segment thus found, and the tw:o axes of 
the ellipse continually together, and the product will give 
the area required. 



EXAMPLES. 



1. Required the area of the elliptic segment EAF, whose 
height AG is 10, and the axis of the ellipse 2AB and CD, 
35 and 25 respeetively. 




Here 



lO.OOOQ 2.0000 



35 



=,2QS'7=tabular versed sine. 



And the tabular segment belonging to this i« .185153. 

Whence . 1 85 1 53 X 35 (2 AB)X25(CD)= 6.480355X25 
= 162.0088 ==area of the segment required. 

2. What is the area of an elliptic segment cut off by a 
double ordinate parallel to the conjugate axe, at the dis- 
tance of 36 .from the centre, the axes being 120 and 40 ? 

Ans. 536.7504. 

3. What is the area of a segment cut off by an ordinate 
parallel to the transverse diameter, whose height is 5, the 
axes being 35 and 25 ? Ans. 9'5'.845125. 



/ 



The area of an elliptic segment nlay also be found by the follow- 
ing mle. 

Find the corresponding segment of the circle described upon the 
same axe to which the base of the segment is perpendicular. 

Then as this axe is to the other aze,so is the circular segment t9 
the elliptic segment. 

12 
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PROBLEM VL 



To describe a parabola, any ordinate to 

scissa being given* 



axe and Us ah- 




* Construction. 1. Bisect the given ordinate RS in m; 
join Vm, and draw mn perpendicular to it, meeting the axe 
in n. 

2. Make VC and VF each equal to Rn,' and F will be 
the focus of the curve. 

3. Take any number of points r, r, &c. in the axe, 
through which draw the double ordina^es SrS, 6tc* of an 
indefinite length. 



* Since Ymn is a right-angled triangle, and mR is psrpendicular 
to vn, vXRJi«==viiXvi^=Rm2Bz=4Rsa, which is a known property 
of the parabola when F is the focus. And, because #F3j^cra— rra 

= cr + TF X cr — r¥ = cr + rrX cp=2vr X 2vr=vrX 4vp, 

therefore, « is a point in the carve of a parabola, and the same may 
be shown of any other points. 

Besides the methods above, for finding the focus, it may be found 
arithmetically as follows : 

Divide the square of the ordinate by 4 times the abscissa, and the 
quotient will be the focal distance VF. 

Several other methods of doing this, as well as of describing the 
curve itself, may also be found in Emerson^s Conic Sectians, and 
other performances. 
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4. With the radii CF, Cr, &c. and centre F, describe 
arcs cutting the corresponding ordinates in the points *, *, 
&c. and the curve SVS drawn through all the points of in- 
tersection will be the parabola required. 

Note. — The line ^F* passmg through the focus F is call- 
ed the parameter. . • » 

PROBLEM Vn. 
In a parabola, any three of the four following terms being 
given, viz. any two ordinates and their two abscissas^ to 
fM the fourth. . ' 

RULE.* 

As any .abscissa is to ihe square of its ordinate, so is any 
other abscissa to the square of jts ordinate* 
r Or as the square root of any abscissa is to its ordinate, ' 
so is the square root of any other abscissa to its ordinate. 

SXAHPLES. 

1. The abscissa VF is 9, and its ordinate EF 6 \ required 
the ordinate GH, whose abscissa VH is 16. 






»R- 



H 



Here V9(n/VF) : 6(EF) : : v/l6(VVH) • ^^^^ ■- 

6X4 24 • . 

— :r— =^-Tr=B=orc?i/wt<cGH. 



* If X and X be any two abscissas, attd ^ and Y their correspond- 
mg ordinates, the equation of the curve will be xY^^aXy^t which 
is the same as the rule. 
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Or, 

9(VF) : 36(EF») : : 16(VH) :-^-g— =16X4 =64= 

GH*, or 8=GH as before. 

2. The two abscissas are 9 and 16, and their correspond- 
ing ordinates 6 and 8 ; from any three of these to find the 
fourth. 

PROBLEM VIII. 

To find the length of any arc of a paraboUh cut off by a 

double ordinate. 

RULE.* 

To the square of the ordinate add ^ of the square of the 
abscissa, and twic^ the square root of the suoi will be the 
length of .the curve required. 



* Demon. Let ar=any abscissa,^ y=its ordinate) «= 

y 

\ the parameter of the axe, and 5^=— . Then it is shown 

a 



by the writer^ on fluxions, that, uqy/ l+^'^+a X hyp.^ log. 



-.^9" 



&c.) =c=length of the curve. But y/ 1 +^^ = 1 + |-g 
+ Q .\ Q^ ' &'<?• agreeing with.the former in the two 



2.4.9- 2.4.6.27 . 
, first terms. 



Therefore — = \/l+i5'^ weflrZy; and consequently c= 
2y • 

2y\/ l+i9'*=W3^*4-|a;3 the same as the rule. Q. E. D. 

J^ote, — This rule must be used only when the abscissa does not 
exceed half the ordinate. -^ The length of the carve in other cases 
must be found by means of hyperbolic logarithms, as is shown by 
writers on fluxions. 
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EXAHFLES. 

1. The abscissa VH is 2, and its ordinate. OH 6 ; what 
is the length of the arc GYK? 

Here 2a(VH^) x |+36(GH3)==-^+36 = V*+ 3^= 

6.333, &c.+36=41.333333. 

And 41.333333(6.429 
-36 2 • 



124)633 '\^.%bQ— length of the ate. 

496 



1282)3733 
2664 



12849)116933 
116641 
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PROBLEM IX. 

To find the area of a parabola^ Ua base ani height being 

given. 

. RULE.* 

Multiply the bage by the height, and | of the product 
wiM be the area required. 

- I ■ II --- -- - iiii--.il. 

* Demon. Let VH^=ar, GB[=y, and the parameter=jp. 

Then jpx=y3 , or Vpx=y by the nature of the curve. 

Whence the fluxion of the area (=yi)=i Vpx and its 
fluent=f a; X -v/par. • 

But because y=y/pxj therefore f a;X v'|)a;=j:cy=area 
of the parabola, which is the same as the rule. 

CaroU. Every parabola is =} of its circumscribing 
parallelogram. 
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CONIC SEcnoNd. 



EXAMPLES. 



1 . What is the area of the parabola GVK, whose height 
VH is t2f and the base or double ordinate GK 16 ? 




16X12X2 



= 16X4X2= 



' Here 16(GK) x 12(VH) x J= 

1 28 =ar«a required. 

1. The abscissa is 12, and 'the double ordinate or base 
38 ; what is tlje area ? Ans. 304. 

3. What is the area of a parabola whose abscissa is 10, 
and ordinate 8 ? Ans. 106f . 

PROBLEM X. 
To find the area of a frustum of^ parabola. 

RULE.* 

Divide the difference of the cubes of the two ends of the 
frustum by the difference of their squares, and this quotient 
multiplied by f of the altitude, will give the area required. 



* Demon. Let D=GK,-ii=Ei, and a=FH. 

Then by the nature x)f the eurye d^ — -d* : a : : »3 •. 



AD- 



1)2— ci» 



=VH, and D* — d^ : a : : d^ : 



ad' 



And therefore f x 



aT>' 



.— *X 



ai^ 



=VF. 



n:=t a X 



D' 



B^—d^ 



s= area of the frustum. Q. E. D. 

J{ote. — Any. parabolic frustum is equal to a parabola of the same 
altitude, whose base is equal to one end of tho frustum, increased 
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EXAMPLES. 

1. In the parabolic frustum 'GEIK, the two parallel ends 
£1 and GK are 6 and 10, and the altitude, or part of the 
abscissa FH, is 3 ; what is the area ? 



E/ 



G 



I 

r 



J . 



K 



H 



Here lO^— .63(GK3— El3)-r lO^— 63(GKa— EP)= 
103_63 _^ 1000—2 16 784 98 49 

lOa— 6^^ 100— 36 ' 



64 



g==|-=.12.^5. 



And 12.23 X 



2X3 



12.26 X 2=24.6=:ar€a required. 



2. The greater end of the frustum is 24, the lesser end is 
20, and their distance 5^ ; what is the area ? 

Ans. 121.3333. 

3. Required the area of the parabolic frustum, the great- 
er end of which is 10, the less 6, and the height 4. 

Ans. 32f . 
PROBLEM XI. 

To construct an hyperbola^ the transverse and conjugate 

diameters being given. 




by a third proportional to the sum of the two ends, and the other 
end. 



108 eomc sections. 

* Construction. 1. Make AB the transverse diameter^ 
)ind CD perpendicular to it, the conjugate. 

2. Bjsect AB in O, and from O with the radius OG, or 
OD, describe the circle DfCF, cutting AB produced in F 
^ndf, which points will be the two foci. 

3. In AB produced take any number of points, n, n, 4^. 
and from F and^; as centres, with the distances Bn, An, a» 
radii, describe arcs cutting each other in s, s, 4^. 

4. Through the several points *, *, ^c, draw the curve 
»B«, and it will be the hyperbola required. 

5. .If straight lines be drawn from the point O, through 
the extremities CD of the conjugate axis, they will be the 
asymptotes of the hyperbola, whose property it is to ap- 
proach continually to the curve, and yet never to meet it. 

PROBLEM XII. 

In, an hyperbola^ any three oftlvefour following terms being 
given^ viz, the transverse and conjugate diameterSf an or- 
dinate, and Us abscissa, to find the fourth. 

CASE I. 

The transverse and conjugate diameters; and the two ab- 
scissas being knoum, to find the ordinate, 

RULE.t 

As the transverse diameter, 

Is to the conjugate ; 

So is the square root of the produQt of the two abscissas, 

To the ordinate required. 



* The sum of two lines drawn from the foci of an ellipse to any 
point in the curve, is equal to its transverse diameter. 

In like manner the difference of two lines drawn from the foci of 
any hyperbola to any point in the curve, is equal to its transverse 
diameter, as is shown by the writers on conies. 

But the arcs intersecting each other in *, «, &c. are described from 
the foci/ and F, and with the distances An, and B», whose differ- 
ence is AB, and therefore the points *, *, &c. are in the curve of an 
hyperbola. 

t Let ^sstransverse diameter, cs=conjugate, :c=sabscissa, and 
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ElAMPLBS. 



l.^In ^e hyprerbola GAH, the transverse diameter is 
120/the conjugate 72, and the abscissa AF is 40; required 
the oxdinate FH. 

A ' 




G F 

» -. , 

120 {trans.) : 72 (con/.) : : V (160 X '40) : 

7 2Xv^(160X40) 6Xv/(160X40) .^.,^0X40) = 4 
120 — 10 "^ ^ J t 

y/ 6400= I X 80 =t: ^2i?5 =3X16 =48*r ordinate l^H. 

2. The transverse diameter is 24, the conjugate 21, and 
the less abscissa 8 ; what is its ordinate? 

Ans; 14. 
'3. The transverse diameter, of an hyperbola is 50^ the 
conjugate 30, and the less abscissa 12 ; required Ihe ordi- 
nate. Ans. 16.3668. 

CASE II. 
J%e tranwerse and^c&njugate diameters and an ordinate 
^^ gio^ to find the two abscissas. 

RULE. " ^ ' 

As the conjugate (Hameter is to the transverse, 
So is the square root of the supi of the squares of the 

ordinate and semi-conjugate. 
To th6 distance between the ordinate and the centre, or 

half the sum of the abscissas. 

^t=sK)rdinate. Then the general property of the jcuxyq is ta : 
c3 :: xX (t'\'x) : y»i and frofti this analogy all the cases of this 

problem are deduced. 

M>ie, — ^In the hyperbola, the less abscissa added to the axis, gires 
the greater. 

. K 
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Then tbe sum of thw distance and the semi-transverse 
will give the greater abscissa, and their difference the less 
absciflsa required.*' 



EXAMPLES. 

The transverse diameter is 120, the conjugate 7?, and 
the ordinate 48 ; what a^e the two abscissas ? 

1 296 s=square of the semi^^ugtUe. ^ 
2304s= square of the ordnuOe. 

3600{60i=z square rxHft. 
56 

00 
•As 72 : 120 t : 60 

'120 

72)720a( 100 =i 3um of the absweas. 
72 . 60 ^semi'trangverse. 

1 60 tssgreater abedseo^. 



40=26^^ abscissa. 

2. The transverse and conjugate diameters are 24 and 
21 ' required the two abscissas to the ordinate 14. 

' Ans. SZand 8. 

3. The transverse bemg 60, and the conjugate 36 ; re- 
quired the two abscissas to the ordinate 24. 

Ans. 80 and 20. 



* This rule in species.is — >/i c2+y^±i<=a?,=great- 
er or less abscissa, according as the upper or under sign 
is used. 
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CASE in. 

Tke iransnerse diameter^ the two absds^as and the or- 
dinate being giveny to find the conjugate, 

RULE. 

As the square root of the product of the twa abscissas^ 

Is to the ordinate; 

So ia the transverse diameter, 

To the conjugate.* ^ 

EXAttPIiBS. 

. 1. The transverse diameter is 120, the ordin&te is 48, 
and- the two abscissas are 160 and 40; required the conju- 
gate. 

160 
40 



6400(80 
64 



00 
A« 80 : 48 *: : 120 the transperae axis. 

48 . 



960 
480 



80)6760 



72=-ooitf 



' O^LCV 



i( iiiM ,*, r. I I •■■ 



* This rule, expressed algebraically, is ty-r ^« x (« X x) 
:c=>conju|rate diameterr 
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2.. The transverse diameter is 24, the ordinate 14, and 
the abscissas 8 and 32 ; required the conjugate. 

Ans. 21. 

Case iv. 

The canjugate diameter, the ordinate and twa ahscMsas 
being given, to find the transverse* 



RULE. 

1. Add the square of the ordinate to the square of the 
semi-conjugate, and find the square root of their sum. 

• 

2. Take the sum or difference of the semi-conjugate and 
this root, according' as the less or greats abscissa is used, 
and then say, 

As the square of the ordinate, 
Is to the product of the abscissa and conjugate ; 
S6 is the sum, or difference, above found, 
To the transverse required.* 



EXAKFLES. 

1. The conjugate diameter is 79> the ordinate is 48, and 
the less abscissa 40 ; what is the transverse ? 



Herey/ 4S' +36«r=. V2304+ 1296 =«^/3600«.60 : 
And 60+36^ 96. 

Also 72 X 40== 28aO==prodia7f of the abscissa and conju- 
gate. Whence^ 



ex —^—m.m^.^mm-^ 

* This rule in algebraic terms is ^x(\/ic»+ya±Jc) 
— «=transv^rse diameter. 
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A8 2904 : 2860 : : 96 
96 



17280 
25920 



2d04)276480(120=^<ran«»f#e required. 
2304 



4608 
4608 



2. The conjugate diameter is 21, the less abscissa 8, and 
its ordinate 14; required the transverse. Ans. 24. 

3. Required the transverse diameter of llie hyperbola, 
whose conjugate is 36, the less abscissa being 20, and or- 
dinate 24, Ans. 60. 

■ 

PROBLEM Xni. 

« 

To find the length of any are of an hyperbola, beginmng 

at the vertex. 

RULE.* 

1. As the transverse is to the conjugate, so is the con- 
jugate to the parameter. # 



* Demon. Let ^=8emi-transverBe axe, <;=rcsemi-c0jijtt- 

gate, :r=ordinate, and|f=abscissa. Then willy x(l +— 

t*+4t^c^._itf^+4t^e»+Stc^ . -^x , „ .. f^. 
^ 40?~^ "^TlTi^T y^ &cO= length of the 

arc, as is shown by the writers on fluxions. 

t - Zc 

But «= — Vc^+y^ — o, and — --parameter sap, by the 
c t . 

K2 
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^. To t9 times the transTerse, add 21 times the para- 
meter of the axis, and multiply the sum by the quotient of 
the abscissa diyiited by the transverse. 

3. To 9 times the transverse, add 21 times the parame- 
ter, and multiply the sum by the quotient of the abscissa 
divided by the transverse. 

4. To each of the products, thus found, add t5 times the 
parameter, and divide the former by the lattc^r; then this 
quotient being multiplied by the ordinate will give the 
length of the arc nearly* 

EXAMPLES. 

1. In the hyperbola GAE, the transverse diameter is 80, 
the conjugate 60, the ordinate GH 10, and the abscissa 
AH 2.1637 ; required the length of the arc AG. 

A 




nature of the curve. Consequently the rule becomes ( 1 6p+ 

X X 

19^+21p X-) -T-(15p+9«+21jpX -) X y== (16p< + 19tx 

+npx)-^{\5pt+9tx+21px)Xy^yX : 1+^—^ &c. 

v^hich by substituting the values of a; and p, and expanding 
the terms, gives a series, agreeing nearly in the first three 
terms with the former .; and therefore, the rule is an ap- 
proximation. 

If ^= semi-transverse, c=semi-conjugate, and y= ordi- 
nate drawn from the ei>d of the required arc ; then y X (1 + 

6^^ ^--20 ^+ — F+i^i 14^' ^""'^ = 

length of the arc. 
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fifer€ 80:60: :60 ::5^^i?^=l^=3Xl6=45=:par- 

80 4 ^ 

atmeter. 

•- 2.1637 



And (80-X 19 X 46 X 21) X ^^ = 1620+946 X .02704 
»2466 X .02704 =66.6636. 



2.1637 



Also (80 X 9+46 X 21) X ':zlZZ: =720+946 X .02704 = 
1666 X .02704=46.0216. 



Whence 676+66.6636 ~ 676+46.0216=74 1. 6636-r 

720.0216=1.03004 ; and 1.03004 X 10= 10.3004= ie»g^A 
cf the arc required, 

2. The transverse diameter of an hyperbola is 120, the 
conjugate 72, the ordinate* 48, and the abscissa 40 : re- 
quired the length of the curve. ^ Ans. 62.6496. 

3. Required the whole length of the curve of an hyper- 
bola, to the ordinate 10 ; the transverse and conjugate axes 
being 80 and 60. .- Ans. 20.6006. 

PROBLEM XIV. 

To find the area of an hyperbolay.the transverse^ conju- 
gate and abscissa being given,' 

RULE.** 

1. To the product of the transverse and abscissa, add f 
of the square of the abscissa, and multiply the square root 
of the sum by 21. 

* Demon. Let <= transverse diameter, c= conjugate, :b= 

abscissa, tf=ordinatey and z^ — . — • Then it is well known 

• t^+x 

' that4^x(l-^.--J^.»-^.3, d£c.) = 
area of th^ hyperbola. 
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2. Add 4 times the square root of the product of the 
transverse and abscissa, to the product last found, and di- 
vide the sum by 75. 

3. Divide 4 times the product of the conjugate' and ab- 
scissa by the transverse, and. this last quotient multiplied by 
the former will give the area required nearly. 

EXAHFLES. 

In the hyperbola GAF, the transverse axis is 30, the 
conjugate 18, and the abscissa or height AH is 10 ; what 
is the area ? 



But — ^ = c = conjugate axis, by the nature of the 
Vta+x^ 
hyperbola. Consequently the expression for the rule= -^ 



^ 21%/to+^a?+4Vte _^ 2\Vtx+^x^+Wtx 

76 y/ tx — ajs 

And this thrown into a series will very nearly agree with 
the former ; which shows the rule to be an approximation. 

Q. E:l. 

Rule 2. If 2y, 2^=bases» v, and v their distances from 
the centre, and the other letters as before, then will vy — 

tc aY-|-cv 

uy — ~ X hyp. log. of . , = area of the frustum of the 

hyperbola. 

Rule 3. If ^ be put = transverse axis, c = conjugate, 
and X = abscissa, the area of a segment of an hyperbola, 

cut off by a double ordinate, will be ^^>/^^+ JJ^' + v'to 

16 

4cx 1 

X — very nearly. 
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Here 21V {SOX 10 + 4 x 10«)= 2 W 800+600-4-7= 

21x/ 300 +71.42857 = Six/ 371.42867 =21 X 19.272 = 
404.712. 



And (4V30xiO+404.712)-r-76=: (4 V 300+404.7 12) 
-r75=:(4X 17.3205+404.712)-f-76= (69.282+404.712) 
-r75=473.994-i-76=6.3199. 

Whence li^il^^ x 6.3199=1^^X6.3199= 6 X4X 
30 3 

6.3199=24 X 6.3199= 161.6776=areaf€3mr6d. 

2. The transverse diameter is 100, the conjugate 60, 
and the less abscissa 60 ; what is the area of the hyperbola ? 

Ans. 3220.363472, 

3. Re<)i]ired the area of the hyperbola to the abscissa 
25, the two axes being 50 and 30, A&s. 805.0909, 
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SOLIDS. 



DEFINITIONS. 

1. The measure of any solid body, is the whole ca|Micity 
or content of that body, when considered under the triple 
dimensions of length, breadth, and thickness. 

2. A ctfAs' whose side is one inch, one foot, or one yard, 
&c. is called the meaauring wnii ;■ and the content or eolid- 
ity of any figfHre is computed by the number of those cubes 
contained in that .figure. 

3. A cube is a solid contained by six equal square sides. 




4. A paraUdapipedon is a solid containecl by six quad- 
rilateral planes, every opposite two of which are equaled 
parallel. " _ "" 




5. A prism is a solid whose ends are two equal, paralM* 
and similar plane figures, and whose sides are parallelo- 
grams. 
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iVSiltf.-r-Wh^» tbe ends are triangles it ia called n trioM' 
gtUarpriam; when they are squares, a square prism; when 
they are pentafons^ a penUtgonal prUmf &c. 




6. A ej^Hnder is a solid described by the revolution of 
a right angled parallelogFam about one of its sides, which 
remains fixed. 




7> A * pyramid is a solid, whose sides are all triangles 
meeting in a point at the vertex, and the base any pkne 
figure whatever. 

Note* — When the base is a triangle, it is called a trian- 
gukar pyramid^ when a square, it is called a square or 
qwidnmgular pyrctmid; when a pentagon, it is called a 
pentaganai pyramid^ &c. * > 




8. A sphere is a soHd described by the revolution of a 
semicircle about its diameter, which remains fixed/ 




9. The centre of a sphere is a point within the figure, 
every where Equally distant from the convex surface of it. 

10. The diameter of the sphere is a straight Hne passing 

^ The defihiUon of a cone hae been given already. 
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through the centre^ and terminated both ways by the Con- 
vex superfidea. • . -^ 

1 1. A circular spindle is a solid generated by the revo- 
lution of a segment of a-circle. about its chord, which remains 
fixed. • 




% - 



12. A spheroid is a solid generated by the involution of 
a semi-ellipsis ubout on& of itd diameters, which is consi- 
dered as quiescent. 

The spheroid is called prolatei when the revolution is 
made about the transverse diameter, and oblate when it is 
m^de about the conjugate diameter. 




13. BllipHcf ptxraholicy and h^pefholic spindJeSf are gen- 
erated, in the same manner as the circular spindle, the 
double ordinate of the section being alWay3 fixed or 
quiescent! . ' 

14. Parabolic vrnd hyperbolic conoids j are solids fprmed 
by the revolution of a semi-parabola or semi-hyperbola about 
its transverse axis, which is conpidered as jquiescent. 




15. The «^m«n^ of a pyramid^ sphere, or of any other 
solid, is a part cut x>ff fi*om the top by a plane parallel to 
the base of that solid. 

16. A frustum pi trunk, is the part that remains at the 
bottom^ ailer the segment is cut dfT. 

17. The zone of a sphere, i^ that part- which is inter- 



PI 
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cepted betireen two pamliQl planes; and when tbote planes 
are equally distant from the centre, it is called the middle 
zone of the sphere. 

18. The height of a solid is. a perpendiculaiv drawn from 
its vertex to the base or plane on which it is supposed to 
stand. 

PROBLEM I. 

To find the 9olidUy of a cuhe^ the heigJu of one of Us sides 

being given, 

RULE.* 

Multiply the side of the cube by itself, and that product 
again by tiie dde, and it will give the solidity required* 

EXABCPLES. 

1. The side AB, or BC, of the cub^ ABCDFGHE, is 
25«5: what is the solidity ? 




* Demon, Conceive the base of the cube to be divided into a 
nnmber of little equares, each equal to the nupe^fieial meatwring 
unit. 

Then will thoee squares be the bases of a like mimber of small 
cubes, which are each equal to the solid meaturing vmt. 

But the number of little squares contained in the base of tbeeobe 
are equal to the square of the side of that base, as has been shown 
already. 

And consequentiy, the number of small cubes eontained in lbs 
whole figure, must be equal to the square of the side of the base 
multiplied by the height of that figure; or, whkh m the 
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Here AB»= 26^(*=25.6x 25.6 x«6.6i=; 26.6 x 660.25 
= 16581.375'^^ atutoer, or content of the cube, 

2. The side of a cube is 16 inches: what is the solidity? 

Ans, ift, llfA. bpa^ 

3. What is the solidity of a cube whose side is 17,6 
inches? Asu. SAOlbfeet. 

PROBLEM II. 
To find the soUdity of a paraMet&pipedon. 

RULE* 

Multiply the length by the breadth, and that product 
again by the depth or altitude, and it will give the solidity 
required. 

EXAMPLES. 

1 . Required the solidity of a parallelopipedon ABCD 
FEHG, whose length AB is 8 feet, its breadth PD 4^ feet, 
and the depth or altitude AD 6| feet ? 



l^^SSS^^ 


^^4«^ 


D 














IH 


• 
• 



B 



the sqdare of the side of the base multiplied by the base, is equal 
to the solidity. Q. £. D. 

JVb/e. — ^The surface of the cube is equal to six times the square of 
its side. 

* The reason of this rule, as well as the following ones for the 
' prism and cylinder, is the same as that for the cube. 

JVbfe. — The surface of the parallelopipedon is equal to the sum 
of the areas of each of its sides or ends. 
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Here ABxADxFD=8 X 6.76 x 4.6=? 64 X 4.6 = 243 
aolid feet, the conteatt of the paraUelo^pefUm reared. 
8. The leogth of a parallelopJpedoD ia 1 5 feet, and each 
side of its square base 91 inches: wbat ia the solidity ? 

Ana. 45.9376 feet. 

3. What IB the 'solidity of a block of marble, whose 

length is 10 feel, its breadth 6j feet, aad the depth S^feet? 

Ans. 201.85 feet. 

PROBLEM III. 
To find the aoUditg of a pnam 



Multiply the area of the base into the perpendicular 
height of the prism, and the product will be the solidity. 



1. What ia the solidity of the triangular prism ABCF 
ED, whose length AB ia 10 feet, and either of the equal 
sides, BC, CD, or DB, of one of its equilateral ends BCD, 
«4 feet t 



M e<jiMl to the mm of the ussa of lbs 
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»lfer«ix2.6*Xv^3=ix6.26Xv^3=1.6625Xv^3 = 
1.6625Kl.TSS=2.7062l)=arco^ <*e hose BCD* 

^' 5 = — =3.75=i«im of <A6 sides, BC, 

CD, DB, of the triangle CDB. 

jinii 3,76— 2.6=1.25, .-. 1.25, 1.26 and 1.25=3 difer- 
encee. 

Whence v^3.75Xl.26xl.25xl.25=v^3.75x~iT253 = 
v^7.32421875=2.7063=area of <Ac 6a*c a« btfore. 

And 2, 1063x10=21, OGS soUdfeei, the content of the 
prism required* 

2. What is the solidity of a triangular prism, whose 
length is 18 feet, and one side of the equilateral end 1^ 
feet ? Ans- 17.6370266 feet. 

3. Required the solidity of a prism whose base is a 
hexagon, supposing each of the ec[ual sides to he 1 foot 4 
inches, and the length of the prism 16 feet. Ans. G9.282fl. 

PROBLEM IV. 
To find the convex surfiice of a cylinder. 

RULE4 . 

Multiply the periphery or circumference of the base, by 
the height of the cylinder, and the product will be the con^ 
vex surface required, 

. EXAMFLES. 

1 . What is the convex surface of the right cylinder 
ABCD, whose length BC is 20 feet, and the diameter of its 
base AB 2 feet ? 

* See kotet to Prob, III. Cor. 2. p. 56. 

t Demon, If the periphery of the base be conceived to more in a 
direction parallel to itself, it will generate the convex superficies of 
the cylinder; and, therefore, the said periphery being multiplied by 
the length of the cylinder, will be equal to that superficies. 

Q.£, D. . 

Jiote, If twice the area of either of the ends be added to tb^ 
eonvex surface, it will give the whofle surface of the cylinder. 
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flere 3.1416X2=6 2632=^>eryiA«ry ofthehaitfi.'R. 

A3\d 6.2832X20=125.6640 aqmre fea, the emuxxUp 
required. 

S. What is the convex surface of a right cylinder, the 
diameter of whose base is. 30 inches, and the length 60 
inches ? Atu. 6664.88 (fu:A««. 

3. Required the convex superficies of a right cylioder, 
whose circumference is 8 feet 4 incheS) and its length 14 
feet. At*. 116.666, ^T./eef. 

PROBLEM V. 

To find the itiUdity of a cylinder. 



Multiply the area of the baae by the perpendicular 
height of the cylinderi aad the product wiU be the solidity.' 



Wktn the teclion U pendtel 
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EXAMS£ES.> 



1. What is the solidity of the- cyliQ4ef .ABCD, the 
diameter of whose base AB is SO iiiehes, and' the height 
BC 60 inches ? 



RtUe 1. Multiplj the length of the wrc line of the base by the 
height of the cylinder, and the product will be the curve nufaee. 

ti. Multiply the area of the base by theheigh^of thecyl&der, and 
the product will be the solidity^ 

II. When tke Mdton ptUK$ Miquely through ihe opposite tidet of 
theq^lmder^ 




Rule 1. Multiply the circumference of the base «f the cylinder by 
half the *sura of the greatest and least lengths of the ungula, and 
the product will be the curve surface. 

S. Multiply the area of the base of the cylinder by half the sum 
of the greatest and least lengths of the ungula, and the product 
will be the solidity, ' , 

III. fVhen the sectum piisses ihrou^ tKe_ bate rf ^ tyUndtr^i amd 

one of its sides. 




Rule 1. Multiply the sine of half the arc of the base by the 
diameter of the cylinder, and from this product subtract the product 
of the arc and cosine. 

2. Multiply the difference thus found, by the quotient of the 
height divided by the versed sine, and the product will be the curvo 
surfafc. 




* Jfere .7864 X 30*= .7854 X 900= 106.8 
bat AB. 



= area t^the 



3. From | <^ the cube arthe right tine of half th« arc of the baw, 
xibtrKct the product of tbe area of the bue tnd the coeine of the 
•ud half uc 

4. Multiply the difference, thus found, by the quotient arisin^f 
Aom the height divided bj the verted une, and the prodnot vill be 
tbetDJuKQ). 

IV. When the lationpauutiliqut^ Araugh^lhendt^ the egtin- 




AuiEl. ConceiTo the lectjon to be continued, till it meet* the 
aide of the cjlinder produced; then 'aaj, u the diBere^ce of the 
verMd aiDu of half the ares of the two ends of tbe angnla, i( to 
*the TirMd sina of half tbe are of tbe len end, ao la tbe height of 
the cjlinder to the part of the aide produced. 

S. Find the surface of each of the ungulaa, tbua fbrmad, by Case 
in, and their difierence will be the lurfaee rtqvind. 

3. In like manner find the whdiliaa of eaob of tbe nnyulaa, and 
their difference will be the tvliditu reipiiTtd. 

* lo working Iba •xainplea in tfaia and the flawing rtilae, 
.7854 ia uaed for the area, and 3.1416, the circnmibreoee of a 
cifcle wh«M diametar {■ 1; where greater aeenr«e7 ia required, 
.7BS3U1694marba nad for tbe w«a, aiidS.l«U09e53Sdfor the 
mreumftrence. St*JfUelPprob.IX.Si^t^fie%u. 



35343 ^ ^ 

And 706.86 X 60=36343 cuine inches; or-j^^^^AS^l 

solid feet^ the answer required. 

2. What is the solidity of a cylinder whose height is 6 
feet, and the diameter of the end 2 feet? Ans. 15.708 feet, 

3. What is the sqlidity of a cylinder whose height is 20 
feet, and the circumference of its base 20 feet also? 

Ans. 636.64 feet. 

4. The circumference of the base of an oblique cylinder 
i9 20 feet, and the perpendicular height 19.318; what is the 
solidityr ' Ans. 614.93 feet. 

PROBLEM VI. 
To find the conoex surface of a right cone. 

RULE.* 

Multiply the circumference of the base by the slant 
height, or the length of the side of the cone, and half the 
product will be the surface required. 

* Demon, Let ab =a, jbc =-b, 3,141 6= p, and ed =y . 

by 
Then a :b : ; y : -—=00; and |>y= circumference of the 

circle ED. 

^ But pwX.-^= fluxion of the surface of CED, and its * 

phy' pha 

fluent=-2^which, when y=a, becomes 75-= convex sur- 
face of the whole cone. Q. E. D, 

Th^find ths turfaet tfa right pyramid. 

Ruk, Moltiply the perimeter of the bate by the length of th« 
side, or eUnt height. of the cone, and half the prodael wiil bs th* 
furface required. 



1. Tbe diamster of the base AB ia 3 feet, and the slant 
bugbt AC or BC 16 ftwt; raquired the convex surftce of 
the oofio ACB. 




Here 3.1416X3=9 i2iB=ctreumferenee of th^bate AB. 



ThenF :p::b(BC) : CD; and, b; division, P—ji :;: : 
6— CDC&) : CD=-^; butpx(A+-^>=twioe the eoo- 
vexnirfiiceofthewbolecoiie, by thelut rule; and alsopx 
~ =twice the conves aur&ce of the part ECD. Thete- 
fore px(»+^)-px-^^ftp+^X^^Ar+Ap 
=:v+p X J^ twice the convex surface of the frustum AfiDE^ 
and the half thereof is ^ — ^ — , whidi is the same aa the 
rule. Q. E. D. 

Ta,findlhtnafBeti^thefnutimi!f ariglU p fM M id. 

f the 
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EXAMPLES. 

1. In the frustum ABED, the circumferences of the two. 
ends AB and DE are 22.5 and 15.75 rf^spectively, and the 
slant height BD is 26; what is the convex surface? 

C 



^ .9.4248X16 141.3720 ^^ ^^^ 
jjnd g =^^—^ =s: 70.686 square feet, the 

amoex surface required. ~ 

St. The diameter of a right cone is 4.5 feet, and the slant 
height 20 feet; required the convex surfiice. 

Ans. 141-372 feet. 
3. The circumference of the base is 10.75, and the slant 
height 18.25; what is the convex surface? 

Ans. 98.09375. 

PROBLEM VII. 

To find the convex surface of the frustum of a right 

concn 

' RULE.* 

Multiply the sum of the perimeters of the two ends, by 
the slant height of the frustum, and half the product will be 
the surface required. 

* Demon, Let the perimeter of the circle ABsaP, that of DEof^y, 
BDss^ iM)4 the r^et as in the last problem. 



/ 
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^, What is the convex ^Hrfkce of the frustum of a right 
cone, the circumfereriee of the greater end being 80 . feet, 
that of the less ^d 10 feet, aiid the length of the slant side 
20 feet? ^ Ans. 400feef. 

3. What is the convex surface of the frustum of a rigjit 
cone, the diameters of the ends^beingS and 4 feet, and the 
length of the slant side 20 feet? 

Ans. 376.992 feet 

4. If a segment of 6 feet slant height be cut off a cone 
whose slant height is 30 feet, and circumference of its base 
10 feet; what is the surface of the frustuui? • 

Ans. 144 feet. 

PROBLEM VIII. 

To find the solidity of a cone or pyramid. 

RULE.* 

Multiply the area of the base by one third of the perpen- 
dicular height of the cone or pyramid, and the product will 
be the solidity. 

■' ■ I- ■■■!*■■■*■ ■■■■^■i, ^■» t , mm ^m t - ■ ■■— ■ ■■- — - ■ ■! ■ ^1 I m ^ > 

f 

* Demon, Let sc==a, c*=ar, and A=area of the base 
of the cone acb. 
Tbena»(c8») •,x'(ca') : -.ab' : bd» (bysim.As) : ja": 

i.s 9(=area of the circle ed) because all the circles are 
as the squares of their diameters. 

But ^. X a;=flyzion of the cone bcd^ and its fluent= 

Or 
AX^ Aa A . 

g^i which, when ar=«, becomes— =a x ~ for the soli- 
dity of the whole cone. Q. E. D. 

In the pyramid cbdb it will be a'Ccs*) : x^ (cs^) : : 
CE*: ce* : : bd^ : eo^ (by sim. As) ' • ^ (area of the base 

sb) : "Tr(area of the polygon eb) because aU similar figures 
are as the squares of their like sides. 



1. Required the solidity of the cone ACB, whose diameter 
AB is 20, and iti peipendicular height CS 24. 




lfi!M.7854X20»=.7854x400=314.I6=a«arf'rte6a*e 
AB. 

Attd 314.I6X— =314.16x8 = 2518.28 = adtdUg n- 
quired. 3 

2. Required the solidit; of the hexagonal pyramid ECBD, 
each of th« equal sides of ita base being 40, and the per- 
pendicular height CS 60 




But — X i=fluiion of the pyramidjccofc, and its cor- 
rect fluent= A X ^ the some as in the cone ; and this rule 
is general, let the figure of the base be what it will. 
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H8re2.59B0ie {muUiplier when the side is 1)X403 = 
2,69807ex J600=4166.9216=area of the h(ue. 

And 4156/9216 X —-=4166.9216 X 20=^ 8313a.432 so- 

3: . 

lidiiy required. 

3. Required the solidity of a. triaogular pyramid, whose 
height is 30,*and each side of the base 3. Ans. 38.97 1 1 1. 

4. Required the solidity of a square pyramid, each side 
of whose base is 30, and the perpendii^ular height 20. 

Ans. 6000. 

5. What is the solidity of a cone, the diameter of whose 
base is 18 inches^ and its a]titude 15 feet ? 

. Ans. 8.83676 feet. 

6. If the circumference of the base of a confe be 40 feeU 
and the height 60 feet ;^what is the sofidity ? 

. • Ans. 2 1J22. 1333 feet. 
7. 'What -id the content of a pentagonal pyramid, its 
height being 12 feet, and each side of its base 2 feet ? 

Ans. 27.6276. 

PROBLEM. IX. 

To jM ike solidity of a frustum of a cone or pyramid. 

RULE.* 

L F<yr the frustum of a cone, the diameters, or circum- 
ferertces of the two ends, and (he height being given.^ 

* Demon. First let D;^ diameter As, 4=kd, jp= .7854, 
h=! s«= the height of the frustuo; abde of the cone. See 
the last figures. 

Then d : rf : : cs ; c*, and d— d : d : : cs — o* ( ^ ) • 

, ■ = c*:s= height of the cone jedo. But IL^ X (A+ \ 

i>i-<| 3 ■ D — d^ 

pd^ dh 
3= solidity of the whole cone acb, and^-— -X = the 

• __, - «D* ,, , dh . 
solidity of the cone ecd. Therefore -;r-X (» "T "^~^) 

M 



134 ifEKSURATtON 

Add together the square of the diameter of the greater 
end, the square of the diameter of the less end, and the 
prodjict of the two diameters ; multiply the sum by ,.7854, 
and the product by the height ; i of the last product will 
be the solidity. Or, 

Add together the* square of the circumference of the 
greater end, the square of the circumference of the Jess 
end, and the product of the two circumf«reiices ; multiply 
the sum by .07958 and the product by tiie height ; i of the 
last product will be the "solidity. 

II. For the frustum of a pyramid wko$e sides ar^. regu- 
lar polygons, 

• » ♦ 

Add together the square of a iido of th^ greater end, 
the square of a side of. the less end, and the product of 



,pd^ dh . , ■ nh - dh ^ p • ,, ,^ . 

^ 3 D — d< ^ D — d D — d^ 3 ^ 

dA '. p »3 — ^3 hp , . , . v\ *P 



the solidity of the frustum ABDE, which is the same as the, rule. 

And, fiince the circumferences of circles have the same ratio that 
their diameters have, if C be put for the circumference of the greater 
end, c=that of the less end, and p=s.01958^ the demonstration of 
the rule, when the circumferences are given, will differ in nothing 
from the ahove. 

' Again, for the polygon, let S=£D, t=sed^ and in=3=proper multi- 
plier in the table of polygons ; then S : « : : CS : C#, and S — j : s : : 

ht 
cs-.c«(A) i-^z;^ . . « 

But ms^ and ms^ are %he areas of polygons whose sides 
are s and s respectively. And therefore -^ — ]r{h-\ -) 

TtlS^ hs - g h 

' 3 s — * ^ s — * 3 ^ 

h tnh 

+ mss) X -= (s*+**+s*) X — -=solidity of tlie frustum 
eKDBb which is the same as the rule. 
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these tvo sides ; multiply tbe eun^ ij the proper number 
in the tahle, ProK VIII. of Superficies, and the product 
by 1he height : | of the last product wiU he the soUdity. 

Note. — WHtea the end* qf the pyramids ore not regular 
patpgont. Add together the areas of the two ends and 
the squiire root of their product; multiply the sum by the 
height, and ^ of the product wilt he the stjidity. 



1. What ia the solidity of' the frustum of the cooe 
EABD, the diaiiteter of whose greater end AB is 5 feet, 
that (rf* the less end ED, 3 feet, and the perpendicular height 
S«, 9 feet ? 




(S'+3*+5X3)x.7854x9 _3.46.3614_ 

3 3 

Jiet, the content tjf the fruttum. 

i. What is the solidity of the frustum eEDBfr of an 
hexagonal pyramid, the side ED of whose greater end is 
4 feel,, that eb of the less end 3 feet, and the height Sa, 
9 feet? 
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^ 4a ;f 3« -f 4X3) X g.598Q76 X 9 865. <^59308_ Qft g c^^^^c^^ 

S 3 

solid feet, the solidity required. ^ 

3. What is the solidity of the frustum of a <ione, the 
diameter of the greater end being 4 feet, that of the Ibas 
end « feet, and the altitude 9 feet ? Ans. 66.9736. 



The following cases contain all the rules for finding the super- 
ficies and soUdities of conical Ungulas. 

I. When the uetion passes through the opposite extremities bf the 
ends of the frustum. .. * 




Let D==AB the diameter of the greater end; <l = cp, 
the diameter of the less end; ii = perpendicular height of 
the frustum, and » =.7854. 

Then P'— <^\/p<^^»dA^ ^^j.^.^^ ^^ ^^^ greater elliptic 
D — d '3 

ungula ADB. 

px/pd^a X — = solidity of the less ungula ao©. 
j>—d 3 . . 

-^^ -^ X ■ — = difference of these hoofs. 

D— — « 3 ,*' - 

Andj;^>/4*«+(i>^dO,X (d«^^— ^^S^) =curve 

SUrfaCB of ADB. 

II. When thcjSeetion cuts off pari of the base, and makes the angle 
DrB less than the angle CA-B. -^ 
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4. What is the solidity Of the frustum of a cone, the 
circumfeitence of the greater end being 40, that of the less 
end 20, apd the length or height 56 ? Ans. 3713.7333. 



Let Sr= tabular segment, ivhose versed sine is bt-t-d, & — 

tab. seg. whose versed sine is sr — (b — d)-r- d, and the other 
letters as aUove. 

Then(8XD3— jrxd3X_!^_^^ ^^)xJ*-= 

BT — Jy—rd Br — D — d i>^— « 
solidity of ihe elliptic hoof bfbd. 

1 -- - d' 

And 2 V4P+(D-^-3)y X (seg. pbe — ~ x 

L- — /"^ xV-r-' — Xseg. of the circle ab, whose 

d AT d AT ^ 

^ j^p 

height is i>x — -= — )== equal convex surface of bfbd, 
in. When the tectum U faralld to one of the tidvt of the frustum. 



A^^i^lPB 
•. F • \ 

Let A«=area of the bue FBE, and the other letters ta before. 
Then (— -^— |c?/(B--d)x4) x J A=solidity of the para- 

bolic hoof SFDD. 



1 



And V4A2+(d— d)« X (seg. fbe— f jy—d x 

D O 



y/dx D — d)= convex surface of efbdV 

IV. When the teetion eutt off part of the bast, and makes the angle 
DfB greater than the angte CAB. 

M2 



V 
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5, What is ]the solidity of the frusUini of a a^uare py- 
ramid, ooe side of the greater end beiog 18 inches that .of 
the less end 15 inches, and the height 60 inches ? 

Ans. 16380 inches. 

6. What is the solidity of the frustum of an hexagonal 
pyramid, the side of whose greater end is 3 feet, that of the 
less end 2 feeU and the length 1£ feet ? 

Aris. 197.463776 feet. 

PROBLEM X. 
^ To fifid the solidity of a cuneus or toedge. 

RULE.* 

Add twice fhe length of the base to the length of the 
edge, and reserve ^Jie number. 







Let the firea of the hyperbolic section EDF=b=A, and the area of' 
the circular seg. EBFsssa. 

Then -^—j x (a X d — a X ')^ solidity of the hvper- 

D — h ^ cr ^ ' 

bolicAinguhi KFBD. . , ' 

1 . ■ d^ ' 

And iX v/4Aa + (D — dy X(cir, ses, ebf^ — X 

D — d ^ . . . i^ 

Br — K"^ — ^) , J^r . ^ . 
^\ ^ ^- — r=:^ = curve surface of evbd. 

vr — D — d Bi^-''d~0 
Note, — The tr^s verse diameter of the hpy. seg. = 

tf X Cf ■ ' ' Bf* * 

and the conjugate-==ii\/ -7-^-5 — — , from which its 



D — d — Bf J » - — ^ — jj^ 

area may be found by the former rules. 

* Demon. When the length of the base is equal to half of the 
wedge,_the wedge is evidently 43qual to half a prism of the same 
base and altitude. 
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Multiplji the height of the wedge by the breadith of the 
bafie, and this product by the reserved number ; ^ of t^e 
last product wHl be the solidity/ 



EXAMPLES. 



1. How many solid feet are there in a wedge, whose 
base is 5 feet 4 inches long, and 9 inches broad, the length 
of the edge being 3 feet 6 inches, and the perpendicular 
height 2 feet 4 inches ? * 




^ ( 64X2+42) X28X9 ^ ( 128+42) X28x 9 ^ 

mx88x9^ 170X28X3 ^^^^^^^^^^^^^^^.^ 
Q ' ' - 2 

And 714Q+ 17?8 = 4.1319 .*oltrf/^,/Ae conUMt re- 
qukred. 



* And according 88 tho edge is shorter or longer thiui the base, 
the wedge is greater or less' than ^alf a pnsm, bv a pyramid of the 
same height and breadth at .the base with. the wedge, and.th^ length 
of whose base is equal .to t^e difference of the lengths of the edge 
and base of tliie wedge. . 

Therefore, let the length of the base BCsaJj ; the 'ength of the 
edge £F=^; the breadth of the base BA=6; axid the height of the 
wedge EP=^ ; and we shall have by the formisr rules 

«5±iA X ±fi'= ^+ftV< ^=1^ = M X ?^+ 2^^^ 
2 . '. 3 2 3 6 

?fdi Q. e/d. « 
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« 

2. The length and breadth of. th^ base of a Wedge are 35 
and 16 inches, and the length of the edge js 66 inches : 
what is the solidity, supposing the perpendicular height to 
be 1 7. 1 4608 inches ? Ans. 8. 1006 feet. 

PROBLEM XL 

■ To find the saUdUy of a prismoid. 

. RULE.* 

. • * *■ ' - 

To the sum of Che areas of the two ends add foOr times 
the area of a section parallel tq and equally distant from 
both ends, and tl\is last sum multiplied by } of the height 
will give the solidity. 

Note. The length of the middle rectangle is equal to 
half the sum of the lengths of the rectangles of the two 
ends, and its breadth equal to half the sum of the breadths 
of those rectangles. , 



* Demon* The rectangular prilmoid is eyidently composed of 
two wedges, whose heights are equal to the height <>f the pris- 
moid, and their bases its two endti. Wherefore, bj the last 

problem its solidity will be = (2l+Zx b+2Z+l X h) x ^, 

which, by putting m =• ^J±h and m = ®-i^ becomes 
- 2 - 2 

h 
Bi;+W+4iimx -_; which isihe^ule, as was to be shown. 

The solidities of the two parts, commonly called the ungulas, 
or hoofs, into which the frustum of a, rectaogulaf pyramid is di- 
vided, may be found by the last two rules, as they are only com- 
posed of wedges and prismoids. 

A very elegant demonstration, of this rule. for the prismoid may 
be seen in SimtovCt Flaxions, p. 179,^ Edition^ ^ * 

If the bases of the prismoid are dissimilar rectangles, of which 
L, / and M, m are corresponding dimensions, and h the height ; 

Then (2Z+i.Ti+ 2Z+LJn) X J*=psolidity . / ^ ' 
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E2LAMPXES. 



1. What 18 the solidity, of a rectangular ' p^ismoid, the 
length and' breadth of one end he^ng 14 and 12 inches, and' 
the corresponding sides of the other 6 and 4 inches, and the 
perpendicular 30^ feet. . .' ^ 



Here 14 X 12+6 x 4^ 168+24=== 192^ sum of the areas 
of the two ends. * 

14+6 20 ' 

Also — — r=^— «=slO=2eng^A of the middle rectangle, 

. '4»d - — : =-- = B^ breadth of the ^middle rei^ngk. 

H^Aence 10X8X4=80X4=^3^20=4 times the area of 
the middle rectangle. 

Or (320+192)X ~:^hnY%\=^SnZfl soUd inches. 

And 312327-1728= 1^8.074 sMd feety the content. 

2. What is the soFid content of a prismoid, who^e great- 
er end measures 12 inches by^ 8, the less end 8 inches by 
6, and the length, or height, 60 inches ? Ans. 2.463 feet. 

3. What is the capacity of a coal .wagon, Whose in9ide 
dimensions are as follow : at the top, the length is 81^, and 
breadth 55 inches ; at the bottom the length is 41, and the 
breadth 29^ inches ; and the perpendicular depth js 47^ in- 
ches? Ahs. 126340,Sr9376 cubic inches. 
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^ ■ • . • ■* 

PROBLEM XH. 
To find- the comoex surface of a sphere. 

-RULE.* 

Multiply the diameter of the sphere by its circumference, 
and the product will be the cohTex superficies required. 

Note, — The curve suriGBice of any zone or segment will 
also be foundbymultiplyitig its height by the whole circum- 
ference of the sphere. 



* Demon, Pat the diameter BGra^, BA=^, AC=^, BC=^=«; and 

Then, 'since the triangles AOC and C£D are similar, we shall 

have CA (y) : co — : : ce (S) ; en («)=: j^ . But Soya is the gene- 

2- ^ .2y- - 

ral expression for the fluxion of any Surface t and therefore, by 

^bc • ■ ^ 

substituting — for its equal ar, the fluxion will become pdx; and- 

Sjy .' " ^ . ^ .- ' " 

consequently pia^tssarface of any segment of a sphere whose height 
is*, and j9(W=that of the whole sphere, Q". E. D. J 

• Cor* J» The surface' of a sphere is also et^ual ta the curve surface 
of its circumscribing cylinder. 

Cor. 2. The surface of a sphere is also equal to four times the 
ar^aof a great circle of it. • . 

1. To find tha lunar surlace included between two great circles 
ot the sphere. -. , 

• . - . , > --• • ♦ - ■ 

Rule. Multiply the diameter into the breadth of the sur&ce la 
the middle, and^the product will be the siiy>erficies'required. Or, 

As one right angle is to argreat circle of the sphere ; 
So is the angle made by the twip great circles, • 
To the surface included by them. , 

^2. To fiiid the arfea of a spherical triangle, or the surface includ- 
ed J>y the intersecting arcs of three great circles of the sphere. 

Rule. As tw9 right angles, or 180^, ^ " ■ ^ ' 

Is to agreat circle of the sphere; 

So,is the excess of: the three angles above two right aQfles^ 
To th« area of the triiin^e. 
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EXAMPLES. 



1. What is the convex superficies of a globe BCG, 
whosp diameter 'BG is 17 inches? 




JHfere 3.1416 >^ 17 X 17=53.4072 x 17 =;=907 M24 square 

inches. ., 

And 907.9224-r-144 =6.306 square feei^ the answer. 

• 2. What is the convex ' superficies' of a sphere whose 
diameter is 1^ feet, and the circumference 4.1888 feet ? 

\ ' Ans. 5.58606 feet. 

3. If the diamefer, or axis of the* earth be 7957| miles, 
what is the whole surface, supposing it to be a perfect 
sphere 5 / . • ' Ans. 198944286.35235 sq. inileg. 

4. The diameter of a Sphere is 2i inches \ what is the 
convex superficies of that^segmentof it whose height is 4i 
inches!? Ans. 296>8812 inches. 

5. What is the convex surface of a spherical zone, wliose 
breadth is 4 inches, and the diameter of the sphere, frbm 
which it was cut,^ 25^ inches ? Ans. 3 1 4.*i6 inches. 

* *■ 

/ PROBLEM XIIL , 
To find thii solidity of a sphere or globe.. . 

• RULE.* . 

Multiply the cube of tfie diameter bjf .5236, and the pro- 
duct will, be the solidity. 



* Dethon. Put ai> = a?, dc =yi the diameter ab =54, 
andii=i=3.146i ' . \ 
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EXAHPLES. 



1/ What is the solidity of. the sphere AEBQ, whose 
diameter AB is J7 inches ? .^ . •. . - 




B»«6 J73>v5236= 17X17.X17X.62^=*2^9X17J< 
.5236=4913 X .6236^^51 2 AiSSaoKd inch^^. 

And 2^72.4468:7- 1728= 1.4'8868 a<>Udfeet, the answer. 

2. What is the solidity of a sphere whose di'atneter is 1^ 

feet ? ; - . Ans. 1.241 1 feet. 

* , ' . 'i ' ' ♦ 

8. What is. the solidity of the earth,. sup|)0£Hng it to be 
perfectly ^herical, and its diameter 79571 .mil& ? • 

Ans. 263858J4912D miles. 



^hen, by the pcopierty of ^ the circje^ dx-^x^=y^, But 
the general explosion for the duxion of any solid i^py^x; 
and therefore by., writing d£ — ^ar^ for its equaty^, we sfaajl 

havejpxXrfaf — ^xf.=^pdxX'^px^x. The fluept of which is 

pdx\ px^ 3pd«»— 2;wr3 ^ V r *u 

^-5— — '-^ =^-^^ — - — = content -of the segment cae. 

And if 4 be substituted for a?, it will. become -^^- — ^ , -^ . " 

♦ 6 

=^ t=d? X 45236, or. 5236cZ3 ; which is the same as the rule. 

* CarolV -A sphere, or globe, is cqiilil to twb-thirda of its circum- 
ccribing cylinder. • . " ' 



PROBLEM XIV; 
^ofand. the *oUdUy qfihe 9egmeiU 6fa sphere, 

RULE.* 

To three times the square of the radius of its Ibase add 
the 'square of its height ; and this sum multipfied by the 
height, and the product again by .5236« will give the so- 
lidity. Or, 

From tbree times the diameter of the sphere subtract 
twice the height pf the segment, multiply by the square of 
the height, and that product by .51236 ; the last product will 
be the solidity. 

KXAKPLES. 

1 . The radius Cn of the base of the segment CAD is 7 
inches, and the height An 4 inches ; what is its solidity ? 




* Demon* Let r=radius of the base of- the segment, h 
»height of the segment,. and the other letters as before. 

Then will (3ci%»-~2A3) x ^=solidity of the segment, as 
isiiiown in the last problem. 

But since ^ — =il,bytheppoperty0fthecircle,wefifcaii 

N 



// 
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Here (7« X 3+42 ) x'4 X .6236 =(49 X 3+4«) X 4 X .5236 
=«=(147+4a)X4X.5236=(147+16)X4X.6236=I63x 
4 X .6236=662 X .6236=341.3872 solid inches, the answer. 

2. What is the solidity of the segment of a sphere, the 
diameter of whose base is 20, and its height 9 ? 

Ans. 1796.4244. 

3. What is the content of the spherical segment, whose 
height is 4 inches, and the radius of its base 8 ? 

Ans. 435.6362. 

4. What is the solidity of a spherical segment, the di- 
ameter of its ba^ being 17.23368, and its height 4.5 ? 

Ans. 572.5666. 
6. The diameter of a sphere being 6 inches, required 
the solidity of the segment whose altitude is 2 inches. 

Ans. 29.3216 cubic inches. 

6. Required the solidity of a spherical segment, the 

height of which is 16, th^ diameter of the sphere being 18. 

Ans. 2827.44. 

PROBLEM XV. 
Tojind the solidity ^ a frustum or zone of a sphere* 

\ RULE.* 

To the sum of the squares of the radii of the two ends, 
add one third of the square of their distance, or of the 



the segment, which is the same'as the rule. 

.Or, if d!=3: diameter of the sphere, and A=s height of the 
segment ; then will .5236*2 x (3d— 2A)= solidity . 

* Dtmmu The difference between tw6 segnaenta of a sphere 
whose heights are H and A, and the radii of whose bases are R 

and r, will, by the last problem ==^ X (Sr^h+h^— 3r«A— Aa) 
==; zone whose height is H-^A. And therefore by putting a for 
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breadth of thd zone, and this sum multiplied by the said 
breadth, and the product again by 1.5708, will give the 
solidity. 

EXAMPLES. 

1. What is the solid content of the zone ABCD, whose 
greater diameter AB is 20 inches, the less diameter CD 
15 inches, and the distance nm of the two ends 10 inches ? 




.-• 



Here (103+7.53+^ )X 10 Xl.5708=(100+ 56.25+ 

33.33) X lOy 1.5708 = 189.58X 10;x 1,5708 = 1895.8 X 
1.5708=2977.92264 solid inches^ the anstcer. 

2. What is the solid content of a zone, whose greater 
diameter .is 24 inches, the less diameter 20 inches, and the 
distance of the ends 4 inches ? Ans. 1566.61 12 inches. 

3. Required the solidity -of the middle zone of a sphere, 
whose top and bottom diameters are each 3 feet, and the 
breadth of the zone 4 feet ? . Ans. 61.7848 feet. 



the ftltitade of the frastum, and e:^erminating H and h by the 

means of the two equations - — -- — r= ^^ — ^^and h — h=a, we 

H h ^ 

shall have (k« +r2 +~) X^, which is the rule. 

If it be the middle zone of the sphere, the solidity will heas 
d»+|^»)X .7854^; where rf=;=diameter of each end, and A=ss 
lUi height, 
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PROBLEM XVh 
Tofmik the 9oUdUy cf a spheroid. 

.RULE.* 

Mukiplj the square of the revolving axe by the fixed 
axe, and this product again by .5236, and it will give the 
solidity required. . ^ 

Where note that ,5236 i8=J of 3.1416. 

EXAMPLES. 

1. In the prolate spheroid- ABCD, the transverse, or 
fixed axe AC is 90, and the cpnjugate, or revolving axe 
DB is 70 : what is the solidity ? 



* Demm. Let ao=«, vs^h^ Ar^Xj m^yr and jp=5 
3,14169, &c- 

Then «»:&«: \ x'!<{a-'X) : — X(aar— ar»):^y« by the 

property of the etiip8i& 

And therefore the fluxion of the solid (=jiy*i) =^^- 

X{ax3r-:X^x)\ and its fluent xt-1 x{lax^ — \xS) = seg^ 

ment haot, Which, when x= a beconies —^ x ( jja* — \a^ ) 

=«^-^--=eontent ef the whole spheroid. Q. E. D, 
6 . ♦ ' - 

If/be put=fix"ed axe, rstrevolving axe^ f=(/*OD r*)-T- 
/», and i)=3. 1416, &c. 

Then wiH^yVl+ig==surfgtce of the oblate spheroid, 
and prfy/ 1— J5fc=;that of the prolate spheroid, 
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x 



Here DB« X AC X .6236=: 70* X 90 X .6236= 4900 x 9o 
X .6236=441000 X. 6236= 230907.6= ^oluZtty required. 

2. What is thp solidity of a prolate spheroid, whose fixed 
axe is 100, aod its revolving axe 60 ? Ans. 188496. 

3. What is the solidity of an olilaie spheroid, whose fixed 
axe is 60, and its^ revolving axe is 100 ? Ans. 314160. 

PROBLEM XVII. 

To find the content of the middle fruatum of a spheroid\ 
its lengthy the middle diameter^ and that of either of the ends 
being given. 

CASE I. 
When the ends are circular^ or parallel to the revolving ao^. 

RULE.* 

To twice the square of the middle diameter add the 
square of the diameter of either of tiie ends, and this sum 



* Demon. Let Aosa, i>o=ft, BtfcssAf noa c, ro= :r, re 
t^jf^and p= 3.141 69,. Stc.. 

by the property of the ellipffls. 

, I ,. ■ 5> X fa*— ^'^ 

And also a* : 6* :: «• — c*: 2^-= ^= A* : or a» = 

a*. ^ 

N2 



ISO 



nilBVSUTIOlf 



multiplied by the length of the frudtttm, and the product 
again hj ,2618, will give the solidity. ' . 
Where note that .2618=^^ of 3.1416. 



SXAMPLEd. 



1. In the middle frastum of a spheroid EFGH, the 
middle diameter DB h .50 inches, and that of either of 
the ends £F of GH i& 40 inches, and its length nm 18 
inches: what is its- solidity ? 




Here (50* X 2+40*) x li X .2618= (2500X 2+l60C^) X 

18 X .2618 = (5000+I600)xl8x .26i8=^6600Xl8x 
.2618=n8800x.2613=31101.84 cubic inches,, the an- 



swer. 



2. What is the solidity of the middle frustum of a pro- 
late spheroid, the^ middle diameter being 60, that of either 
of the ^wo ends $6, and the distance of the ends 80 ? 

Ans. 177940.224* 



Whence, by substituting this value of a* in the former 
equation, we shali have y»=a4«*-r- =r:r-2 =ss ft* — - 



T^ 



b*x' 



«** 



.3 



=ft«-^x(&»— A«.) 



c> c« 



And consequently Ihe fluxipn of the solid (pp^i y=zpb^x-' 
??^x(fc»— A«) ; the fluent of which is= »5«;?-^|^* x 

(6*— A*) ; which, whengz^c^ becomes pft^c^^^ ~^^ 



Ns 
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3. Vfhski k^ the solidiijr. of tfae oud^tte fnwtum of an 
oblate spheroid^ tfae middle diameter being 100, tbal of 
eitber of tbe ends 80, and the ^ktuiHie of the ends 36 ? ^ 

- Ans. 248814.72. 

CASE IL 

V 

When the ends are ell^icql or perpendicular to the revglv- 

ing axis. 

1. Multiply twice tbe transverse diameter of the mid- 
dle section. by its conjugate diameter, and to this pro- 
duct add the product of the transverse and conjugate diame- 
ters of either of the ends« " ." 



* Demon. Put sa^^ay Ba==5, om==r:t an^x, An=y, xc= 
*, and i>=3. 14169, &. 

Then a* : ^ : : a«— x^ :\_.x(a*--a?«)=^i» by the pro- 
perty of the ellipsis. " 
And, ainee acp is > «n ellipsis simikir to smp, it will be 

5 : r : : y : -« =« ; as is shown by the writers on Conies- 

But the fluxion of the solid) AEPn is pifzx^^pifxx 
ff pry^x prie b^ X/«a — x") , • a^ — x^ 
I^^-T-^X^ a ^ -f^^"" ^ --Hr-' And 

the fiiient»pr^X f— . Which, by substituting fbr 

«« to value j--fl becomerf^== prx X ^^^^ —px X 1 1* 

"*"36- 

And tbk ftgain« by >^uttiDg v fov to oqnal ^^ becomes 

b 

=^ X 2r6+y^=»frustam efda. Or:?il!!f x (2kp x 2om+ 
AD X 2tte>ssrBiiddl» frustum jmd. Q. £. IX. 
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2. Multiply the sum thus foundii bj the difltance of the 
ends or the height of ^be ftustum^ and the product again 
by .2618, and it will giye the solidity required. 

EXAMPLES. 

1. In the middle^ frustum ABCD of an^oblate spheroid, 
the diametei» of the middle section EF are SO and^ 30 ; 
those of the end AD 40 and 24 ; and. its height ne IB i 
what is the solidity ? 




Here (50X2X30+40x24) X 18 X .2618=s=(3000+960) 
X 18 X .2^18=3960 X 18 X .2618=71280 X .2618 = 
IB661 A04=:solidUy required* 

2; In the middle irustum of a prolate spheroid, the dia- 
meters of the middle section are 100 and 60 ; those of the 
end 80 and 48 ; and the length 36 : what is the solidity ? 

Ans. 149288.832. 
• 3. In the middle frustum of an oblate spheroid, the dia- 
meters of the middle section are 100 and 60 ; those of the 
end 60 and 36 ; and the length 80 : what is the solidity of 
the frustum ? Ans. 296567.04. 

PROBLEM XVIII. 
Tojlnd the solidity of the segment of a spher&id, 

CASE I. 
When the hose ie parcMd to the reeoMmg aaei^. 
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RULE.* 



]« Divide the square of the revolving axis by the square 
of the fixed axe, and multiply the quotient hy the difierence 
beCween three times the fixed axe and twice the height of 
the segment. 

2. Multiply the product, thus found, by the square of 
the height of the segment, and Ibis product again by .5236, 
and it will give the solidity required. 

1. Inth^ prolate spheroid DEFD, the tninsrerse axis 
2 DO is 100» the conjugate AQ 60, and the height Dm of 
the segment EDF 10 ; what is the sdlidity ? 

D 



Here (— - X 300—20) X ioa X .5236=.36 X 280 X 10« 
X .5236^=100.80 X 100 X ,6236-= 10080 X. 5236=6277.888 

2. The axes of a prolate spheroid are 60 and 30 ; what 
is the solidi^ of that segmi^nt whose heigjbutis 5, and its base 
perpendicular to the fixed axe ? 

Abs. 660.736, 



* TbM mk it faanedlrom th^ theorem for the «egm«iit in Iho 
demonstration to problem XX. 

The content of the segment, may tko be fonnd by the following 
theorem: 

(Da4-4tf 3) x^nAsscontent of the segment ; D being thediameter 

of the base, 4ssdiameter in the middle, ^ksaheigl^ and n:c3,'Z964 
^area of a oircle wbos^ diameter is 1, 
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3. The diameters of an oblate spheroid are 100 and 60 ; 
what is the soliditj of that segment whose height is 12, and 
its base perpendicular to the conjugate axe ? 

Ans, 32672.64. 

CASE 11. 
When the base is perpendicular to the reoohing axis, 

RULE.* 

1. Divide the fixed axe by the revolving axe, and mul- 
tiply the quotient by the difierence between three times the 
reviving axe and twice the height of the segment. 

2. Multiply the- product, thus foHod, by the square of the 
height of the segment, and this product again by •6236, and 
it wiD give the solidity required, 

JSXAMFLSS. 

1. In the prolate spheroid aEW^ the transvene axe £F 
is 100, the conjugate ab 60, and the height an of the seg- 
ment aAD 12 ; what is the solidity ? 

* Demon, Put ao=af Eoc^ft, ofii=r, an=x, An=y, nc=i 
», and |te= 3. 1 4 1 6. Then will a« : 5* : : ««— (o—a?) « or {2ax 

— ^^) ' .^=y* by the property of the ellipse. 

And since acd is an ellipse similar to jeiof, it will be 

h : r :: y. ^=:z ; as is shown by the wiiters on Cotiics. 

■ ^ 

But the fluxion of the solid aACD = pyix = pyx x 

o b b a^ a 

vrb 
~3a^ «^ ; whicl?, when ar=:*=:the height of the segment, 

becomes (3a*> — A^) ^ ^ , Whence, since r=a, we shall 

have (3aft?-rA«) x ^=solidityof the segment. 

Q, E, D, 
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. b 

Here 156 (=dif. of Zah and 2an) xl| (==EF-7-a6x 

156v^ 
1 44 (= j^jfuorcq/' on) X. 6236= — ^Xl44x.6236 = 52 

X5x 144 X ,5236 =260X144 X .5236=37440 X .6236 = 
1 9603.584=>oZu2i/5^ r^titrecf. 

2. Required the content of the Segment of a prolate 
spheroid : its height being 6, and' the axes 50 and 30. 

,Ans. 2460.448. 

PROBLEM XIX. 
To find the 9oUdUy of a parabolic conoid. 

RULE.* 

Multiply the aremof the ba^ by half the altitude, and the 
product will be the content. 



* Demon. Let i>m=a, Bm=^&, im=:x, En=y, and p= 

3.1416. 

Then, by the nature of the parabola a : h^ :: x : y^yor 

b^x j)b Xx 
— =y* ; wherefore^-- •(=««* i)=tbe fluxion of the 

solid, and'=--^ — =ita fluent; which, wben x becomes csa,, 

is ^pdb^ for the whole, solid, or for any segment whose 
height is=a, aad the radius of its base=:6. Q. £. D. 
'CoroU. The parabolic conoid 18=^ iti circumflcribing cylinder. 

^ote. — The rule given above will hold for any segment of the 
paraboloid, whether the base be perpendiccdar or oUique to the axe 
of the solid.- 
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EXAMPLES. 



1. What is the solidity of the paraboloid ADB, whose 
height Dm is 84, and the diameter PA of its circular base 
48? 




lftf€ 48«X.7854x42(=i Dm) =2304 X. 7864 X 42=s 
1 809. 56 1 6 X 42=t 7600 1 .bBl^t==eolidUy required. 

2. What is the solidity of a paraboloid, whose height is 
60, and the diameter of its circular base 100? Ans. 235620* 

3. Required the solidity ot a paraboloid conoid, whose 
height is 30, and the diameter of its base 40 ? Aqs. 1 8849.6. 

4. Required the solidity of a paraboloid ccHioid, whose 
height is 50, and the diameter of its base 100 ? 

Ana. 196350. 

PROBLEM XX. 

To find the solidity of the frustum of a pardbdoidy whmi 
its ends are perpendicular to the axe of tike solid* 

RULE.* 

Multiply the sum of the squares of the diam^texs of the 
two ends bf the height of the frustum^ and the product 
again by .3927, and it will give the solidity. 



* Demon. The 0egfnent whose base is B, and altitade A, is 
•es^ ABi asd ihi^t whose base-is b and altitude 4^ ut=4 ab^ by tha 
laat problem : wherefore the frastam, t>r tjie difierenco of the* 
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L. Requiitd the sdlidity of the parabolic frustooi ABCd> 
the diameter AB of the greater epd being 689 tbat^of the 
leae end <2c 30^ and the height no 18. 
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i6r^(68«+30a)xl8X^927:5:i(3364+900)xI8x.3927 
=4264 X L8 X .3927t= 76762 X .3927=301 40,6 104=s Molid* 
Ujfrequired, 

2. What is the solidity of the frustum of a parabolic con- 
oid, the diameter of the greater end being 60, that of the 
less end 48, and the distance pf the ends 18 ? 

Ans. 41733.0144. 

PROBLEM XXI. 
To find the solidiiy of an hyperhcMd, 

RULE.* 

To the square of the radius of the base add the square 
of the middle diameter between the base and the vertex ; 
and this sum multiplied by the altitude^ and the product 
again by .5236, will give the solidity. 

"sd 
ment is i ab— -^oft. : Bat b — h : a — a (d) :: b : a= ^; 

and B^-& : dii h : Oss =-by the nature of thcfparabdbid; 

B 

and these values of a and a being substituted ^r them will 
make i ab — i 06= -^ — IT*— i^ ^ ( »+*) which is the 

same as the rule. Q. E. D. 

* Denum. Let U^ transverse, and e^ coqjugate diame- 
ter of the generating hyperbola, ps3.1416, y, t, the or- 
O 
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EXAMPLES. 

1. In the hyperboloid ACB, the altitude Or is 10^ the 
radius Ar of the base 12» and the middle diameter nm 
1 5.8746 ; what is the solidity 1 



dinates, or semi-diameters of the ends of any frustum of 
the hyperboknd, a;s= its altitude, and A==:distanee of the less 
ordinate y from the vertex of the whole solid. 

Then since y«=^-^ — Ji Xc>, we shall have 

the fluxion of the soUd = jiy«» =pc^z X — 

— i — , and Its fluent — pc^xx — -j- ;. 

8 Ai"4*A^ Y* *. 

and this, by substituting ^- for --jj — , and - v^^ 






solidity of the frustum. 

But to convert this into the rules given in the text, let d, 
^, d, be the greatest, middle, and least diameters, a;= ab- 
scissa whose ordinate is A and a^ altitude^ Then we shall 
have these tfaree.equations : . 



fa<^ar=g2x *+g — \axx-^ a 

From the sum of the two latter of whi ch subtract the 
double of the former, and there will result l» Xd«— 2''*-h<!* 

=ia»c«i and hence-— -==: — —-^ . Which bemg 

^ D»+4a-|-d» 
substituted for it in the theorem above will give - — '-g 

y,ap for the content of the frustum ; which is the same as 
the following rule given m the text. 
And if d the least diameter be supposed to become in- 



Hfere IS.8746»+ 12«xlOx,6«36=261.99975+I44x 
lOx .6236=395.99976 X 10 x .6236=3989.9976 X 6236 
=2073.45469J=«oKii(y requirtd. 

2. In an fayperWoid th« altitude is 50, tbe radios of the 

Inse 52, and the middle diameter 66 ; vhat ia tbe solidity ? 

Ana. 191847. 

PROBLEM XXIL 

To find tlie toUdUjf vf^efiuttum of an hyperboUe conoid. 
^ RULE.* 

Add together tbe squares of the gresteet and least aemi- 
diameters, and tbe square of the vhole diameter in the mid- 
dle) then this eum 1>eiDg multiplied by the altitude, and the 
product again by .5236 vill give the solidity. 

finitely little, or nothing, ibe rule will become — ^ — 

Xiip=i»'+4a' Xax.6236. Q. E. D. 

* Tbe demonBtration of this rule is contained in that of 
tbe last problem. 

Or, if D=i:middle diameter, m=that at i of the length, s= 
gmerating area of the hyperbola, L=l«ngth of the spindle, 
8ndp=3.]416. 

, 4m' — So' „3b 



— n)xjin.= solidity of 
the spindle. And if the generating hyperbola be equilate- 
ral, then will (3»x-i-iH-— L*)x|pL=Bolid!tyof the spin- 
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1. In the hyperbolic frustam ADCB, the length rs is 20, 
the diameter AB of the greater end 32, that DO of the less 
end 24f and the middle diameter tun 28.170B ; required the 
soliditjr. 



Here (16»+12»+28.1708») x20x.62359=(256+ 144 
+793.6939) x20x .52369= 1193.5&39 X 20 X .62369 = 
23871.878x«62369= 12499.07660202««olult«y reared. 

2. Required the solidity of the frustum of an hyperbolic 
conoid, the height being 12, the greatest diameter 10, the 
least diameter 6, and tl^ middle dttmeter 8)« Ans. 667.69. 



And, if Z= length of the frustum, «^generating area, 
and the other letters as before^; tlien will (2D'+d*+ 



4m^3j>^^ ^ -+d—D)x-2p«««>hdi^ of the middle 
frustum of an hyperbolic spindle. 

But if the generating hyperbola be equilateral, the frus- 
tum wiU be ^(Jd«— Z«+ pX?li^l=i')x i-jpl. 

JVW«.— 'The content of any spindle formed by the revolution of 
a conic section about its axis may be found by the following rule : 

Addto^thdr the .sqaares of the great«9t and least diameters, 
and the isquare of double the diameter in the middle between the 
tw<s and this sum nralttplSed by the length and the product again 
by .1309 will give the solidity. 

And the rule will never deviate much firom the truth when the 
figure revolvsf about any other line whi«b is not the azif • 
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3. What is the content of the middle frustum of an 
hyperbolic spindle, the lei^h being 20, the middle or great- 
est diameter 16^ the diameter at each end 12, and the dia- 
meter at i of the length 14^ ? , Ans. 3248.938. 

4. Required the content of the segment of any spindle, 
its length being 10, the greatest diameter 8, and the middle 
diameter 6. Ans. 272.272. 



IlfUcelUineaus QMestions in Solids. 

K If the diameter of the earth be 7930 miks, and that 
of the moon 2160 miles, required the ratio of their sur- 
ftcesy and -also of their solidities, supposing both of them 
to be globulari as they are very nearly. 

The 9Uffaces of aU nmUar soUds are to each other as 
the squares of their like difnensions; such as diameters, 
circumferences, Wee linear sides, d^c, d^c. And their soUdi- 
ties, as the cubes of those dimensions. 

Hence the sufface of the moon : surface of the earth : 

2160. : 79355-«*u!*,^555^»g2884900=13T7 ^' ^' ! •' 
13^ nearly. 
Also the soUdity of the moon : solidity of the earth : : 

21603 1 
«ie0» : 79303 and 79353 =4oT^^^y» or, -A* 1 ; 49i 

Ans. 

2. Three persons having bought a sugar loaf, want to 
divide it equally among them by sections parallel to the 
base ; it is required to find the altitude of each person's 
share, supposing the loaf to be a cone whose height is 20 
inches* 



* The ratio of one quantity to another may be expressed by divid- 
ing the antecedent by the consequent. 

02 



1^2 



XEMWBATION 



By the HmUar canes tpe have '^ 3 : 1 :: 20' : 



20» 
3 



the 



20» 



cube of the height cf the top sections ; wherefifre -v — 

Id.BST the upper part, 

iUtfO 3 : 2 :: 20» : ^ and ^ — | 13.867 = 

3.604 ^A« middle part ; wherefore the lower part w%U he 
2.528. 

3. Three men bought a tapering piece of timber, which 
was the frustum of a square pyramid ; one side of the great- 
er end was 3 feet, one side of the less end 1 foot, and the 
length ) 8 feet ; what is the length of each man's piece* 
supposmg they paid equally, and are to hare equal riiares ? 

E 




FOB 



*TbiB proportion, as well as all othen of the kind, majr \m ez- 

pressed thus: ;^3 : ^1 :: 20 : ssthe height of the top sec- 

tion ; and, in some instances, Has is the more ooaTeBiaiit nHhod. 
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Let ABODE he a eeeHcn cf tie piframii (ydhen com- 
fieleX) paering tknmgh ike wrUXy mi Ueecimg ike dp- 
poeUe Mee of the bait amd let IL and MN reppeeetUt the 
required eeeHons. Drma EF to the middle of AB and 
drmD CGparaUet to it. 

Then by eimOar triangUe BG (1 f^) : GC(i8) :: BF 
(1.5) : F£(27) and F£^FH=£H=9, the dUUttde of the 
pyramid EDO. 

Benee Prob. VIII. cf eoUde the eoUdUiee of the tieo 

pyramde EAB and EDO toiZI he fovnd 81 and 3 cubic 

feet reepeeOeelyy and 81— 3=78»iil6 eolidkp <f the frue- 

78 
turn ABOD. Aleo-^s^ 26, tie eolidity of each perewCe 

tAar«,i0AtcA added totke eoUdity of EDO, wUlgwethe so- 
UdUy rf EIL.=. 29, and the double of it added to EDC wiU 
giee the solidity <f EMN=»55. 

No^ in the simOar pyramids, EDO(3) : EIL(29) :: EH^ 
: E03, the cube root of which will gioe EO and EO^EH 
ssHO the length of the part adjacent to the less end^ 
10,172. 

Again EIL(29) : EMN(55) :: EO^ : EP^ the cube root 
rf whichwillgiee EP and EP— EO» OP Oe length of the 
middle part^ 4J^9. Lastly, EF— EP»=: PF the length of 
the part adjacent to the larger ends=s 3.269. 

4. If a round pillar, 7 inches over, have 4 feet of stone 
in it ; of what diameter is the column, of equal length, that 
contains 10 times as itauch ?. 

J%e solidities rf cyUnders, prisms, paraUdopipedonSf 
dfc. which have th^altitudes equals are toeach oAer asthe 
squares rf their diameters or like sides. The same remark 
is appa^Me to frustums of a cone or pyramid when the 
tdtitude is the same, and the ends proportional. 

Hence, As A . AO,or As \ i lOjj 7» : ^90^the square 

rf the required diasneter, and %/490» 22.1359 thediameter 
required, 

5. There is a mfll-hopper, in the form of a square pyra- 
nidt wbooe solid content is 13^ feet ; but one ibot is cut off 
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its perpendicular altitude to make a passage for the grain, 
from the frustum or hopper to the mill-stone : the sides of 
its greater and less end are in proportion of 4:} to 1. Re- 
quired the content in dry or corn measure. 

Ans. 10.7292 bushels. 

6. The ditch of a fortification is 1000 feet long, 9 feet 
deep, 20 feet broad at bottom, and 22 at top ; how much 
water Will fill the ditch, allowing 282 cubic inches to make 
a gallon ? Ans. 1 1 56 1 27|^ gallons. 

7. A person having a frustum of . a cone 12 inches in 
height, and the diameters of the greater and smaller ends 
5 and 3 inches respectively, wishes to know the diameter 
of a frustum of the same altitude, that would contain 3666 
cubic inches, and have its diameters in the same proportion 
as the smaller one. . 

Ans. The greater diameter 24.4002, and lese 14.6401^ 



or TBS 



REGULAR BODIES. 



A REGULAB BODT is a soUd Contained under a certain 
number of similar and equal plane fitgures. 

The whole number of regular bodies which can possibly 
be formed is fiTO. 

1. The Teiraedran^ or regular pyramid, which has four 
triangular faces. 

2. The Hexaedrmh or cube, which has six square ftces. 

3. The Octaedraih which has eight triangular faces. 

4. The Dodeeaedrofh which has twelve pentagonal faces. 
6. The Jco«ae(2ron, which has twenty triangular fiices. 
If the following figures are made of pasteboard, and the 

lines be cut half thiough, so that the parts may be turned 
up and glued together, Uiey will represent the &re regular 
bodies here mentioned^ , 
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PROBLEM I. 

To find the solidity cf a tetraedron, 

RULE.* 

Multiply ^ of the cube of the linear side by the square 
root of 2, and the product will be the solidity. 



^ Demon, From one angle c of , the tetraedron Ascn, 
lei &11 the perpendicular ce, upon the opposite side, and 
draw Ae. 

Then ac" — ^Ac*==ce"; and since the point e is equally 
distant from the three angles a, b, and n, i ac^= (i-^^) 
Ae^ as is shown in the demonstration of the rule for reg- 
ular polygons^ page 61. Consequently ac* — ^^iAc'= f ac* 
«=:€e^, or <Xs=AcVh But the area of the triangle 
AJiBae jA«»V3=i ac»n/3 ; and therefore i ac %/# (J oe) 
xiAcV3(AAiiB)=.TirAc»v'2. Q. E. D. 

If ii be put » length of the linear edge, then will l« y/ 3 
xiB whole surface of the tetraedron. 

The rule for the hezaedron, or cube, has been given be- 
fore. 
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EXAHPIiES. 



1 • The linear side of a tet raedron ABCn is 4 : what is the 
Boliditj? 




1.41 4=s — - — ssz 7.54 t3s=s MoUdUy required. 

2. Required the solidity of a tetraedron whose side is 6. 

Ans. 26.452. 

PROBLEM n. 
To find the soUdUy of an octaedron. 

■ 

RULE* 

Multiply i of the cube of the linear side by the square 
root of 2, and the product will be the solidity. 



* Demon. From the angle d of the octaedron dbga let 
fall the perpendicular De.' 

Then since the solid is composed of two equal square 
pyramids, each of whose bases biiac are equal to the square 
of the linear side ag or ad, we shall have snAO X } oe» ah^ 
X f Des= content of the solid. 

But na evidaitly bisects the diagonal ba, and is equal to 



I. WiMt ie the loMtj of die ocUedron BGAD, wboM 
iiiaBrBdeis4 1 




X 1.414, Sui.= 30.16486= toUJity reyitind. 
i. Required the solidity rfan octaedroo whose side is 8. 
' Adb. 241.3568. 



PROBLEM III. 

To find the tHidityt^ a dodoMedrc*. 



To 2 1 timea the square root of S add 47, and divide the 
lum by 40 : then the square root of the quotient being 



Bc ; therefor e 4»'XfDe=A«»X iBc=Aji' x Jba =Jai^ X 
V4»'+Ac»— lAJtV2An*=tA«»V2. Q. E. D, 

If l^lioear ffide aa before, then will 2L'>VS=surftce 
of the octaedros. 

* Demon. Let a be a lolkl eofle of the dedeeaedi«n, and ae a 
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multiplied by 5 times the evbe of the linear* side will give 
the solidity required* 

, _; — ^ - . ■ •■ ■ ... • - . ■ ,1 

perpendiciilar falling on the equilateral 
plane BDF. Also join the points D, c 
and c, F. 
Then the angle DaF cont ains 108 de» 

gross, whose sine is ^ \/ 10+2%/ 69 
and the angle a FD oontains 36 degrees, 
whose sine is JVlO — SV'S, the ra- 
dius in both cases being talaen equal to 1 . ^^^^ 

Therefore, by Trigonometry, J-/l0^-£^5 : i\/10+2\/6 

Again, since e is the centre of DBF, the angles cDF and e¥D 
are each 30<>, and the angle DeF=rl2(P ; but thn sine ef 30^ is 
I ; and the sitte of 1^0^ » ^ \/ 3; whence, by trifononietrT^ ^ \/ 3 

DF l + \/5 , .^ 

: W :: 4 : l>egg-r5«^qp ^ ,^ ; aw eonsequeutty ac= 

■ ■! 3' w ^ ' ' 

B«t a perpehdiotdar fiiom tf upon the plane BDF must pass 
througfa thi9 centre of the cireumsertbing sphere, and o^ will bo the 
▼ersed stne of an are wbos^cKord is aDi and ra;«Bn0 equi^ lo that of 
the said sphere. 



wu . n . «»'____«©« X/8+V15 

Whence ae laD :: a : =^ = (n> -7; — • — 

asdiameter of the circumscribing sphere, and oD ^ ^^ 

ssRssradlus of the circumscribing sphere. 



Again, the angle Von contains 72P, whose sine isi -/ I0+2V 5 ; 
and the ai^le oFn U 54°, whose sine is . T" ; whence by 

trigonometry,^ ^ 10+2^5 : — r— : : P« (a0) : 0F=sai) 
1 + VS ,6+V5 



p 
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EXAMPLES. 



1. The linear ride of the dodecaedicm ABODE is 3 ; 
what 18 the aolidbty ? ' > 

D 




,46.95726+47 " ,.„ 

V -^ X IS5=20M01 soUdUsf required. 

2. The linear side of a dodecaedton is 1 ; what is the 
solidity? Ans. 7.6631. 



But nnoe the radius of the circnmBcribitig sphere is the hypo- 
thenuse of a right angled triangle, whose legs are oT and the r a- 

dios of the inscribed sphere, we shall have ^R'-i-^rSrs 
^/(t^/3+^/16aD)•— i+TW5aD« = aDv' ^^"^^^^ = 

v^f "t"H" ^ SsB^adius of the inscribed sphere. 

And because the solid is composed of 12 equal pentagonal pyra- 
mids, aadi of whose bases are by Prob. VIII.=ss-^! — ^1+fVd'y 

therefore ???I^^T+p6Xlr=^>/T+^ 

,26+11^6 ^ 3 ,47+21 v^6 
^ 40 "= «"> V -^ ==solidity ofthedodecaedroR 

Q. E. 0. 

If L be put for the linear side, then wUl is^a ^ 5+2>/5^ 

^ 6 

sunace of the dodecaedrcn. 



PROBLEM IV. 

ToJmdtkeMBdiiyefmieoaaednm. 

RULE.* 

To 3 timea tlie squsra root of 5 add 7, and divide the 
sum by 2 ; then tlie aquara root of this quotient being 
multiplied b; f of the cube of the linear side will give the 
solidity required. 

That la j S' X ^/('Li:|^)=Bolidity when 9 i»=to the 

HaMraide. 




* Dttmm. Let A be & solid anfla of the 
icauedroo, funned bj 5 fsms, or triangle*) 
whow bases make the penUgon BCDEm. 

Then, if a perpendicular be demitted from 
A upon Ibe pentagoiiKl plane BCDEm, il will 
fan into the oeatre n, and Bn, by Ihe demon- 
stration of the Iwt pioblem, will be = ab 

^ — "^ and the radiua of the oirola oireom- 

scribing one of the faces ABC= ^abv'S. 

But tliB radiui of the circumBcribiitg 

BA» ,6,+ ^/6 , , 

- - ==AS^ ^ . found a« in the laU problein. 

And,Bince R is Iha hjpothennse of a right aagled triangle, one 
of whose legs is ^AB^3i the radias of the circle ciicnmscribiDg 
thefkce ABC.and the other r. the radio s of the inscribed sph ere, wc 

Bat the solid is composed of 20 ^qusl triangular pyramids, each 
of whose bases i*=^^ 3 by Problem VlUt Iherefote f - 



%tM~ 



in 



ESCWIuUl B0i>{S9. 



EXAKPLVS. 



1. The linear sida of the icosaedron ABCDEF is S; 
what is the solidity ? 1 

D 




, 3^/5+7 6X3« 
V -^-s X — - — 



3X^.23606+7 5X27 



sssoliditj of the icosaedron. Q. E. D. 

If L be puffor the Hnear «id«y then will 5L2 ^Ssssurface €»f the 
icosaedron. 

JVb/«. — The superficies and solidity of any of the ,five regtilar 
bodies may be found as follows. 

Rule 1. Multiply the tabular area by the square of the linear 
edge, and the product will be the superficies. 

2. Multiply the tabular solidity by the cube of the linear edge, 

and the product will be the solidity. , 

Surfaces and SaliditUs <i(f the Regular Bodies. 



iNo.of! 
sides. 



4 

6 

8 

12 

20 



Names. 



Surfaces. 



Tetniedron 

Hexaedron 

Octaedron 

Dodecaedron 

Icosaedron 



1.73206 
6.00000 
3.46410 
20.64678 
8.66026 



Solidities. 



0.11786 
1.00000 
0.47140 
7.66312 
2.18J69 



SEOITLAR BODIES. 



173 



e.70818+7 5X9 13.70818 45 ^ ^ ^ ■ . 
V 2 ^-g-^'V' g— X -J- = >/ 6.85409 X 

Z2.5^ 2.61803 X 22.5s 58.9056^:= soUdUy required. 

2. Required the solidity of an icosaedron, whose linear 
side i;s 1 ? Ans. 2.1820. 



P 2 



or , 



CYLINDRIC RINGS 



PROBLEk I. 

To find the convex superficies of 4i cylindric ring. 

RULE.* 

To the thickness of the ring add the inner diameter, and 
this sum being multiplied by the thickness, and the product 
again by 9.8696 will give the superficies required. 

EXAMFLBS. 

1 . The thickness of Ac of a cylindric ring is 3 inches, 
'and the inner diameter cd 12 inches ; what is the convex 
superficies ? 




* A lolid ring of this kind is onl^ a baiit cylinder, and there- 
fore the rules fi>r obtaining its superficies, or soUdity, are the same 
as those already given. For let Ae be any section of the soUd per- 
pendicular to its ajds «n, and th en AeX'3.14159, ftcaacircumfer- 

ence of that section, and Ac+eiT (on)^ 3.14159, ^.a^length of the 
axis on, . 
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12+3 X3X 9.8696 =s: 15X8 X ^.»696 =;» 46 X 9.9696 « 
444,132==zniperficies refuired. 

2. The thickness of a cjliqidric ring is 4 inoheS) and 
the inner diameter 18 ; what is the convex superficies ? 

Ans. 868.5$ square inches. 

3. The thickness of a cylindric ring is 2 inches, and the 
inner diameter 18 ; what id the convex superficies ? 

Ans. 394.784 square inches. 

PROBLEM IL 
To find the solidity cf a cyUndricring. 

RULE.* 

To the thickness of the ring add the inner diameter, and 
this sum being muhiplied by the square of half the thick- 
ness, and the product again by 9^.8696 will give the solidity. 



Whence acX3.14159, A^c. X Ac+crfx3.14169, &c. 



Ac+cdXAi?X 3.14159, &c. |«=xAc+cdX AC X 9.8696, &c. 
sssuperficies required. 

* Demm. ac* x .78539, &c.=iAc* >^ -^ — , &^c. =i 



AC* X 3*14159, d&c.saarea of the section ac ; and Ac+cd 
{on) X 3. 1 4 1 59, feca aJcngth of the axis on. 

Therefore ac+«I X i ac» X 3.14159, &c. ]3»:ac+c4 X i 
Ac«X 9.8696. Q.E. D. 

This figure being only a cylinder bent round into a ring, its sur- 
face and aolidity may ako be found as in tbe cylinder, namely, by 
multiplying tb^ %tii or length of tbe cylinder by the circun^erence 
of the riAg, or section, for uie surface, and by the area of & section 
for the solidity. 

Thus, if eaaeireuraferenee of tbe ring, or section, osasarea of that 
section, and Asaslength of tbe axis ; then will c^sasurface of the ring, 
and ala^sto itssoUditT. Which rules are the same as for the cylin- 
^•r, and may be easily ednverted into those given in the text. 

These mle* an indeed so obvious, as to render any demonstration 
af them altogether unne ces s ar y. 
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EXAMPLES. 

1. What is the solidity of an anchor ring, whose inner 
diameter is B inches, and thickness in metal 3 inches ? 

8+3X n* X 9.8696 «:ilXl.5«X 9.8696= UX 2.25 X 
9.8696»r24.75 X 9.8696=244.2726»«o{m% required. 

2. The inner diameter of a cylindric ring is 18 inches 
and its thickness 4 inches ; what is the solidity ? 

Alls. 868.5248, 

3. Required the solidity of a cylindric ring, whose thick-^ 
ness is 2 inches, and its inner diameter 12, 

Ans. 138.1744, 

4. What is the solidity of a cylindric ring, whose thick- 
ness is 4 incKes, and iimer diameter 16 ? Aps. 7S9.Q68, 



X 



OP 



ARTIFICERS' WORK. 



Artificbbs estimate or conipute the value of their 
works by diffinrent measures, viz.''^ 

1. Gkizing and Mason" sHai work, &c. by the foot. 
% Paintings Plastering^ Pavingf &.c. by the yard. 

3. Fiooring, PariitianiTig, Rocfingy TUmgy &c, by the 
'square of 100 feet. - 

4. Brickwaiicy &c. by Hie rod of 16} feet, whose square 

is 271^4. 

< - . • 

The measures made use of in these woiks are contained 
in the foUowing^table^ 



12 iDcW 
144 square inches 

9 square feet 
100 square feet 
272| square feet or,> 

30^ square yards^V ^ 



I 



make 

N 



1 lineal foot 
1 square foot 
1 square yard 
a square 

i rod^ perch, or square 
pole. 



''' Tlie best method of taking th« dimeiuioits of all sorts of artifi- 
eon' work is by feet, tentJas, and hnncbedthn; beeaMothe computa^ 
tion may thea be perlbrmed by common multiplioatioB, or by tbe 
^ding rale, bereaiter deionbed, - 



OF 



BRICKLAYERS' WORK* 



Bricklaybhs compute or value their work at the rate of 
a brick and a balf thick, and, if the wall be more or less than 

this standard, it must be reduced to it as follows: 

■ i> . ■■ ■ I I. ■ . I .,. I .. . . 

* ^Tote, — ^In practice it is usual to divide the square feet bj 272 
onlj, omittiog tbe i; but the more accurate way is, to diyide by 
272^. 

The usual way to take the dimensions of a building is to mea- 
sure half round its middle, on the outside, and- half round it on the 
inside; and this will give the t^ue compass, in which the thickness 
of the Wall is included. 

When the height of the building is unequal, take several different 
altitudes, and their sum, being divided by^the liumber of altitudes 
you have taken, may be considered as the mean height. 

To measure a chimney standing by itself, without any party-wall 
adjoining; pri it about for the length, and reckon the height of the 
story for toe breadth; but if it stands agjiinst a waU,yQB must mea- 
sure it round to the wall for the grirt, and take the height as be- 
fore. 

When the chimney is wrought upriffht from the mantel-tree to 
the ceiling, the thickness must always, be the same with yie jambs; 
and nothing is ever deducted for the vacancy between the floor and 
the mantel-tree, because of the gathering of the breast and wings 
to make room for the hearth in the next story. 

To measure chimney shafts, or that part which appears above the 
roof; ffirt th^m with. a line, about the least place for the length, and 
take me hMght for the breadth; an9 if they be four inches thick, 
set down the thickness at one brickwork; but if they are nine inches 
thick, reckon it a brick and a half, in considenition of the plaster- 
ing and scaffolding. 

All windows, doors, Sec, are to be deducted out of the contents of 
the walls in whiph the^are placed.'But this deduetion is made only 
with regard to materials; for the value of their workmanship is j 

^ded to the bUl at tl^e stated rate agreed on^ f 
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RX7LE. 

i 

Midtiply the si^ierficial cootent of the wall m feeU bj the 
number of half bricks in thf thicknessy and f of that pro- 
duct wis be the oontant required. 

Note. — In America bricklayers' Work is generally reck- 
oned by the 1000. 



EXAMPLES^. 



1.* How many squajre rods are there in a wall h%\ feet 
long, 12 feet 9 inches high, and %\ bricks thick? 

272 272 



2.4609 

6 half bricks. 



3)12.3046 

4.1016=4 2"^ 7 ammr. 



There aie also other Allowancee to be made to the w6rkmen, 
such M fhdee tar retnrxM or anglee made by two adjoining walla, 
and double measure for feathered gable ends^ &c.. 

All ornamental work is ^renerally valued by the foot sqoare, «uch 
as laches, doors, urchitraTes, friezes, comioes, &c. But carved 
mouldings, &o. are often agreed £bir by the running foot, or lineal 
measure. 

* In this and the following examples, 272 feet are used for a 
rod. 



ISO BBUPBLAnSS' ^TOBK. 

Bp dross MuUifUeaHan. 

feet in. 

12 9 



630 

39 4 6 

272)669 4 6 



2 124 4 

a 

3)12 82 8 

^ 21 1 as hrfcre. 

2. How maay squire rods are tbeie m a wall 62^ feet 
long, 14 feet 6 inches high, and 2| bricks.thick? 

' T6*f0k in. p. 

Ans. 6 167 9 4 

3. If each side wall of a buiiding be 45 feet long on the 
outside, each end wall 15 feet broad on the .inside, the 
height of the building 20 feet, and the g9AA% at each end of 
the wail 6 feet high, the whole being 2 bricks thick; what is 
the true content in standard rods ? 

Ans. 12.2069. 



OP 



MASONS' WORK. 



To Masonry belong all sorts of stone work, and the 
measure made use of is a solid perch, or a superficial or 
solid foot.* 

EXAMPLES. 

1. Required the solid content of a wall whose length is 
48 feet 6 inches, its height 10 feet 9 inches, and tljickness 
2 feet. 

By Decimals. 

48.6 X 10.76 X 2= 1042.75 /ee<. Ans. 



* Solid measure is principally, used for materials, and the super- 
ficial fo^ workmanship. — In the solid measure, the true len^fth, 
breadth, and thickness, are taken, and multiplied continually to- 
gether. And in the superficial measure, the length and breadth of 
eyery part of the projection must be taken, as it appears without 
the general upright face of the building. 

Masons, in measuring their work, usually take the whole girt of 
the building, that is, the length of a string that passes entirely 
round the building, which is 4 times the thickness of the wall more 
than the true measure. This is added on account of the trouble of 
carrying up the comers. 

In America, the thickness of the wall is not reckoned to the ma- 
son at less than 18 inches; but if it is more than that thickness it 
is reduced to it. No deduction of the mason work is made for 
doors, windows, &c. on account of the trouble of carrying up the 
straight walls on the sides of them. 

All windows, doors, &c. are to be deducted out of the contents 
of the walls in which they are placed with regard to materials. 

Q 
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MAflONs' 


WOBK. 


By Cross MiUipUaUi&n 


-ieei 


m. 




48 


6 




10 


9 


- 


485 





' 


36 


4 


6 


621 


4 


6 


2 









1042 9 the same as before. 

2. Required the solid content of a wall whose length is 
53 feet 6 inches, its height 12 feet 3 inches, and its 
thickness 2 feet. Ans. 1310 feet 9 in. 

3. What is a marble slab worth, whose length is 5 feet 
7 inches, and breadth 1 foot 10 inches, at 80 cents per foot? 

dolls, cts. m. 
Ans. 8 18 8. 

4. What is the solid content of a wall, whose length is 
60 feet 9 inches, its height 10 feet 3 inches, and its thick- 
ness 2i feet ? Ans, 1656.71875 feet. 

6. In a chimney-piece, suppose the fe. in. 

Length of the mantel and slab, each • - 4 6 
Breadth of both together, - - - - 3 
Length of each jamb, - - - - - 4 
Breadth of both together, - - - , - 1 

What will be the coatent of the chimney-piece ? 

Ans. 21 feet 10 in. 

6. The dimensions of a certain building are as follow : 
viz. 68 feet by 26 on the outside ; height of the building 
22 feet, height of the gable at each end 1 2 feet, thickness 
of the wall 16 inches. Two doors- 4i bjr 8 feet each, 28 
windows each 3i by 6 feet: what will the mason' work 
amount to at 56 cents a perch, and what must be paid for 
the stone at 44 cents a peroh ? 

Ans. For tke^JDork, $136 03 ; For the sioney J71 96^. 




OF 



CARPENTERS' AND JOINERS' WORK * 



Cabpentess' and Joiners' work is that of flooring, par- 
titioning, roofing, &.C. and is measured by the square of 
100 feet. 



*^ote, — ^Large and plain articles are usually measured by the 
foot, or yard, &c. square ; but enriched mouldings, and some other 
articles, are oAen estimated by running or lineal measure, and some 
thin^rs are rated by the piece. 

In measuring of joists it is to be observed, that only one of their 
dimensions is the same with that of tlie door, and the other will ex- 
ceed th^ length of the room by the thickness of the wall, and one- 
third of the same, because each end is let into the wall about two- 
thirds of its thickness. 

No deductions are made for hearths, on account of the additional 
trouble and waste of materials. 

PartUumt are- measured from wall to wall for one dimension, and 
from floor to fioor^ as far as they extend, for the other. 

No deduction is made for door ways, on account of the trouble 
of framing them. 

In measuring of Joiners' work, the string is made to ply close to 
ejQTy part of the work over which it passes. 

In roq/ing^ the length of the house in the inside, together with 
two-thirds of the thickness of one gable, is to be considered as the 
length, and the breadth is equiil to double the length of a string, 
which is stretched from the ridge down to the rafter, along the eaves 
board, till it meets with the top of the wall. 

For tlair-e€ues^ take the breadth of all the steps, and make a line 
ply close over them, from the top to the bottom, and multiply the 
length of this line by the length of a step for the whole area. By 
the length of a step is meant the length of the front and the returns 
At the two ends, and by the breadth is to be understood the girt of 
its two upper surfaeei, or the tread and riaer. 
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EXAKFLBS. 

1. If a floor be 57 feet 3 inches long, and 28 feet 6 in- 
ches broad, how many squares will it contain ? 

By Dedtndls. 
57.25 X 28.5== 1631.625 sq.fi,^ 16 aq. 31/<. 7 tn. 6". Ans. 

By Cross JE^uUipUcation. 

feet in, 
57 3 

28 6 



1603 

28 7 6 

16i31 7 6 



For the balustrade^ tak^ the whole length of the upper part of the 
hand-rail, and girt over its end till it meet the lop of the newel-post, 
for the length ; and twice the length of the baluster upon the laiid^ 
ing, with the girt of the hand-raU, for the breadth. 

For wainscotting^ take the compass of the room for the length, and 
the height from the floor to the ceiling, making the string ply close 
into all the mouldings, from the breadth. Out of this must be made 
deductions for windows, doors, and chimn«y8^ &c. but workmanship 
is counted for the whole, on account of the extraordinary trouble. 

For doors^ it is usual to allow fbr their thickness, by adding it into 
both the dimensions of length and breadth, and then multiplying 
them together for the area. If the door be pannelled on both sides, 
take double its measure for the workmanship ; but if one side only 
be pannelled, -take the area and its half for the workmanship. 

For the surrounding architrave^ gird it about the outermost part 
for its length ; and measure oyer it as far as it can be seen when the 
door is open, for the breadth. 

Window-shutters, bases, &c. are measured in the same manner. 

In the measuring of roofing for workmanship alone, all holes for 
chimneys-shafts and sky-lights are generally deducted. 

But in measuring for work and materials, they commonly measure 
in all sky-lights, luthern-lights, and holes for the chimney -sh aits, on 
account of their trouble and waste of materials. 
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2. A floor is 53 feet 6 inches long, and 47 feet 9 inches . 
broad : how many squares does it contain ? 

Ans. 25 sq. and 54 feet T^.in. 

3. A partition is 91 feet 9 inches long, and 1 1 feet 3 in> 
ches broad : how many squares does it contain ? 

Ans. 10 gq. and 32 feet. 

4. *If a house within the walls be 44 feet 6 inches long, 
and 18 feet 3 inches broad ) how many squares of roofing 
will cover it, allowing the roof to be of a true pitch ? 

Ans. 12 sq. and 18 feet. 

5. If a house measure within the walls 52 feet 8 inches 
in length, and 30 feet 6 inches in breadth, and the roof be 
of a true pitch, what will it cost roofing, at 1 dollar 40 cts. 
per square ? ^ Ans. 33 dolls. 73 cts. 3 m. 

■ . » \ .11 . — 1 ■ — II 

- * It is oustomary to reckon the flat and half of any building wi- 
thin the walls, for the measure of the roof of that building, when 
the roof is of a true pitchy or so that the length of the rafters is } of 
the breadth of the buildii^. 
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SLATERS' AND TILERS' WORK. 



^m 



Jn these works the content of a roof is found by malti-^ 
plying the length of a ridge by the girt from eave to eave ; 
and, in slating, allowance must be made for the double row 
at the bottom. 

In taking the girt, the line is made to ply over, the lowest 
row of slates, and returned up the under side till it meet 
with the wall or eaves-board; but in tiling, the line is stretch- 
ed down only to the lowest part, without returning it up 
again. 

Double measure is generally allowed for hips, valleys, 
gutters^ &c. but no deductions are made for chimneys.* 



* In angles formed in a roof, running from the ridge to the eaves, 
that angle of the roof which bends inwards^ is called a vaUof: 
and the angle bending outwards is called a hip. And in tiling and 
slating, it is common to add the length of the valii^B to the con- 
tent in feet ; and sometimes also the hips are added. 

In slating it is common to reckon the breadth of the roof 2 or 3 
inches broader than what it measures, because the first row is. almost 
covered by thf second ; and this is done sometimes when a roof is 
tiled. 

Kott, — Sky-lights and chimney-shafts are always deducted ; but 
they seMom deduct luthern-lights, or garret- windows on the roof; 
for the covering them is reckoned equal to the hole in the roof. 

In all works of this kind the content ie computed, either in yards 
of 9 square feet, or in squares of a hundred feet, and the same al- 
lowance of hips and valleys is to be made as in roofing. 
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BXAHFLE& 

1. The length of a slated roof is 45 feet 9 inchesi and 
its girt 54 feet 3 inches ; what is the content ? 

By Decinuds. 
45.75X34.26=1566.9375 sq. ft.— 174. lOA. yds. Ans 

By Cross MuUifiicaiian. 

feet in. 
46 9 
. 34 3 



1665 6 
11 5 3 

9)1566 11 3 

174 11 3 

Ans. 174 yds. 

2. What will the tiling of a bam cost at ^3 40 per 
square, the length being 43 feet 10 inches, and Uie breadth 
27 feet 5 inches, on the flat, the eave boards projecting 16 
inches on each side, allowing the roof to be of a true pitch? 

Ans. ^66 26 



PLASTERERS' WORK. 



Plasterers' work is of, two kinds, viz. plastering upon 
laths, called ceiling, and plastering upon walls, called ren- 
dering ; and these different kinds must be measured sepa- 
rately, and their contents collected into one sum.* 

Note. — Proper deductions must be made for doors, win- 
dows, &c. ^ 

EXAMPLES. 

If a ceiling be 69 feet 9 inches long, and 24 feet 6 in- 
ches broad ; how many yards does it contain ? 

By Decimals. 
59.75 X 24.6= 1463.876 aq. feet^ 162.6528 sq, yds. Ans. 

By Cross MultipUcatum. 

feel in. 
59 9 
24 6 



1434 
29 10 6 

9)1463 10 6 

162 5 10 6 

Ans. 162 yards 5 feet. 



* Plasterers' plain work is measured by the square foot, or yard of 
9 square feet, and enriched mouldings. Sea, by running or lineal 
measure. 
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2. If the partitions between rooms are 141 feet 6 inches 
about, and 1 1 feet 3 inches high ; how many yards do they 
contain ? Ans. 176.87. 

3. The length of a room is 14 feet 5 inches, its breadth 
13 feet 2 inches, and height 9 feet 3 inches to the under 
side of the cornice, whose girt is 8^ inches, and its projec- 
tion 5 inches from the wall on the upper part nezt the ceil- 
ing ; what will be the quantity of plastering, supposing 
there be no deductions but for one door, whose size is 7 feet 
by 4 feet ? 

i 63 yds, b ft. S in* qf rendering* 
Ans. < 18 yds, 5 ft, 6 in, of cdUng. 
I And S9ft, OW in, of cornice. 



or 



PAINTERS' AND GLAZIERS' WORK 



Painters' work is measured in tbe same manner as that 
of Carpenters ; and in taking the dimensions the line must 
be forced into all tbe mouldings and corners. 

The work is estimated at so much per yard, except 
sashes, which are done at so much per light ; in carved 
mouldings, dLC. it is customary to allow double the usual 
measure. ^ 

Glaziers' work is done at so much per lights that is, 
computed at a given price for putting in each pane of glass, 
according to the size. 



EXAMPLES. 



1. If a room be painted, whose height is 16 feet 6 in- 
che8> and its oompass 97 feet 9 inches ; how many yards 
does it contain ? , 



Balustrades and most other works of that kind are measured a« 
in Joiners^ work, excepting for doors, window-shutters, &c. where 
the Joiner is only allowed the area and half area; but the Painter 
has always double the area of one side, because every part that is 
painted must bo measured. 

JfoU. — Painters take their dimensions with a string, and measure 
from the top of the cornice to the floor, girting the string over all 
the mouldings and swellings ; and their price is generally propor- 
tioned to the number of times they lay on their colour. 

All work of this kind is done by the square yard, and every part 
where the colour lies must be measured and estimated in the gene- 
ral account of the work. 

Deductions are to be made for chimneys, casements, &c. and the 
price iff generally proportioned to the number of times they lay on 
their colour. 
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By DedmalM. 

97.76 X 16.6= 1612.876 sq. feet=179.208 sq. yds. Answer. 

By Cross MtMvpUcaHon. 



97 
16 


9 
6 




1564 
48 



10 6 




9)1612 


10 6 


- 


179 1 


10 6 
Ans. 179 


yards 1 foot. 



2. The height of a room is 14 feet 10 inches, and the 
circumference 21 feet 8 inches, how many sqtiare yards 
does it contain ? Ans. 35.71. 

. 3. Suppose a room, that was to be painted at 8d. per 
yard, measures as follows : the height is 11 feet 7 inches ; 
the girt or compass ,74 feet 10 inches ; the door 7 feet 6 
inches, by 3 feet 9 inches ; five window-shutters, each 6 
feet 8 inches, by 3 feet 4 inches ; the breaks in the win- 
dows 14 inches deep and 8 feet high ; the chimney &feet 
9 inches by 5 feet ; a closet, the height of the room, 3J^ 
feet deep, and 4| feet in front, with shelving, at 22 feet ^ 
inches by 10 inches ; the shutters, doors and shelves being 
all coloured on both sides ; what will the whole come .to ? 

Ans. Al. 18s. 9d. 



4 
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PAVIOURS' WORK. 



pAviouKs' work is done by the square yard, and the 
content b found by multiplying the length by the breadth. 

Or if the dimensions be taken in feet, and the area be 
found in the same measure, the result being divided by 9, 
will give the number of square yards required. 



EXAMPLES. 



1. What will the paving of a rectangular court-yard 
come to at 3s. 2d^ per yard, supposing the length to be 27 
feet 10 inches, and the breadth 14 feet 9 inches ? 



^ Plambers' work is generally done by the pound, or hundred 
weight, and the price is regulated according to the value of the 
lead at the time the contract is made, or when the work is perform- 
ed. ** 

Sheet lead, used in roofing, guttering. Sec, is generally between 
7 and 12lbs. weight to the square foot. ' , 

The following table will show the weight of a square foot to 
each of these thicknesses. 



7%tcik. 


lbs. 
sq. foot. 


Thick. 


lbs. 
sq.foot. 


Thick. 


lbs. 
sq. foot. 


.13 
.14 

1 . 


7.373 
7.668 
8.258 
8.427 


.16 
.16 

i 
.17 


8.848 

9.438 

9.831 

10.028 


.18 
.19 

i 
.21 . 


10.618 
11.207 
11.797 
12.387 



PAYIOUBS* WOBK. 



193 



By Cross MtMpUcoHon. 
feet in. . 
27 10 
14 ' 9 



389 8 

20 10 6 

9)410 6 6 

45 5 6 6 at 5s. Zd. 





s. 


d. 


. 


2 







I 









2 


/. 


• 


y- 


a 








1 








1 











6 








a 


6 









i»» 


45 


i 


4 


10 




i 


2 


5 




i 




7 


6 


i 




1 


04 


1 







4 


i 




Q 


4 


A 







2 














7 


4 


4i the 



I 



2. A rectangular court yard is 42 feet 9 inches long, and 
68 feet 6 inches in depth, and a foot* way goea quite through 
it, of 6 feet 6 inches in breadth ; the foot-way is laid with 
stone at 3«. ,6d. per yard, and the rest with pebbles at 3«. 
per yard ; what will Uie whole come to ? 

Ans. 492. Ms, ^d. 
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VAULTED AND ARCHED ROOFS. 



Arched rotfs are either vauUSf dames^ aalotms, orgroim^ 

Vaulted roofs are formed by arches springing from the 
opposite walls, and meeting in a line at the top. 

Domes are made by arches springing from a circular or 
polygonal base, and meeting in a point at the tc^. 

Saloons iare formed by arches connecting the side walls 
to a flat roof, or ceiliiig, in the middle. 

Groins are fonned by the intersection of vaults with 
each other. : " . .^ 

Domes and saloons rarely occur in the practice of mea- 
suring, but vaults and groins over the cellars of most houses. 

Vaulted roofs are generally one of the three fdllpwing 
sorts : 

U 'Circuit roqfsy or those whose arch is some part of 
the circumferenice of a circle. 

2, EUiptkal roofs ^ or those whose arch is some part of 
the circumference of an ellipsis. 

3. Gothic rocfsy or those which are formed by tWo circu- 
lar arcs that meet in a point directly over the middle of the 
breadth, or span of the arch. 

PROBLEM I. 

To find the solid content of a circular , ell^icy or gothic 
^ vaulted roof. 
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RULE> 

Multiply the area of one end by the length of the roof, 
and the product will be (he solidity required. 



1 . What is the solid content of a semi-circular vault, whose 
span is 40 feet, and its length 120 feet? 

.7854 
1600= square of 40. 

4712400 
7864 - 



2)1256.6400 



628.32:=: 4irea of the end. 
I20=length. 



7 539BA0= solidity required, 

2. Required the sdidity of an elliptic vault, whose span 
is 40 feet, height 12 feet, and length 80 ? 

Ans. 30159.36/ee*. 
* 3. What is the solid content of a gothic vault, whose 
span is 48, the chord of its arch 48, the distance of the 
arch from the middle of the chord 16, and the length of the 
vault 60? Ans. 136224.71712.t 

PROBLEM II. 

To find the concavey or convex surface^ of circular ^ elliptic,^ 

or gothic vaulted roofs. 



* 7b Jind the solidity of the materials in either of the arches. 

RuLsi From the solid content of the whole brch take the solid 
content of the void space, and the remainder will be the solidity of 
the arch. . ^ 

t The areas of these segments were calcalated bj rule 2, Prob. 
XIII. and the triangle by Prob. VIIL 
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tlULE-* 

Multiply theJength of thearch by tbe length of the vault, 
and the product w9l be the euperficiee required. 



What is the concave surface of a aemi-circular vault, 
whose ^an is 40 feet and its length 120 ? 

3.1416 
40 



2)126.6640 



62,B32=zlength of the arch. 
120 



7639.^40= concave surface required. 



PROBLEM III. 

To Jind the seUd content of a dome ; ite height^ and the di- 
' mennonsof its base being known. 

RULE.t 

Multiply the area of the base by two-thirds of the height, 
and the product will be the solidity. 

EXAMPLES. 

1. What i^ the solid content of a spherical dome, the 
diameter of whose circular base is 60 feet ? 



* TIm ooavez tfurfaoe of a yauli nay be ibond bf atretching^ a 
gtriag Qvar U ; but lor tbe ooiieav« surface this mefliod is not appliea- 
ble,.and therefore its length muist be found from proper dimemioiUL 

t Domes and saloons aire of various figures, but Uusj are things 
that seldom occur in the practice^of laaasurin^^. 
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.7864 

3600= square of 60. 

4712400 
23662 



2827.4400== area qfthe hose. 

20= i of the height (30> 

66648.8000^ *oZi(2i/y reared. 

2. -In an hexagonal spherical dame, one side of the base 
is 20 feet : what is the solidity ? Ans, 12000 feet. 

PROBLEM IV. 
To find the superficial content of a spherical dome. 

RULE.* 

Maltiply the area of the base by 2, and the product will 
be the superficial content required. 

EXAirPLES. 

1 . What will the painting of an hexagonal spherical dome 
come to, at 1*, per yard ; each side of the base being 20 

2. 698076=s area of a hexagon whose side is 1. 
400= square of 20. 

\639.230400=:areaqf thehase. 

. 2 . 



9)2078.460800= superfiddl c<mtent required. 

2.0)230.940088 

- 

1 1.6470044=; 1 \l. 10». \\d.the expense of painting. 



* The practical rule/or elliptical dome* is oi foUowt: 
Rule. Add fth^ height to half the diamet^ of the base, and this 
sum multiplied by 1.5708 will give the superficial content nearly. 

R2 
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PROBLEM V. 
To find the 9oUd cemtetU «f a saloon. 

RULE,* 

1. Multiply the height of the arc, its projecticNfiy one- 
fourth of the perimeter of the ceiling, and S.1416 continual- 
ly together, and call the product A. 

2« Fwoux a side or diameter of the room take a like side 
or diameter of the ceiling, and multiply the square of the 
remainder hy the proper factor, (page 63,) and this product 
again by two-i:h>rds of the Wight, and call the last product 
B. 

3. Multiply the area of the flat ceiling by the height of 
the arch, and this product added to the sum of A and B 
will give the content required. 

SXAHlrLSS. 

1 . What is the solid content of a saloon with a circular 
quadrantal arch of 2 feet radius, springing over a rectangu- 
lar room of 20 feet long, and 16 feet wide? ' 



* 7b Jktd the superficial content of a saloon, 

1. Find the area of the flat part of the ceiling. 

2. Find the convex surface of a cylinder, or cyfiadroid, <i!7ho8e 
length is equal .to one-fourth the perimeter of the ceilings an4 its 
diameters to twice the height and twice the projection of the arch. 

3. Find the superficial content of a dome of the same ^ure as 
the arch, and whose base is either a square, or a figure similar to 
that of the ceiling ; the side being eqi;al to the diffiBrence of a side 
of the room and a side of the ceiling* , ,- ' 

4. Add these three articles together^ and the sum will give the 
superficial content required. ^ 

J^ote, — In a rectangular, circular,. or polygonal room, the base or 
the dome will be a square, a circle, or a like, polygon. 
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Herethe jtatpart of the ceUingu 16 feet by li : and 

■ 4)66 

< 

14=^ of thejperimeter. 
28 . ■ 

66 ■ "' ' ' . '• 

3.1416 
66 



188496 
167080 



176.9296= A. 
20= side of the room, 
16=^«u2e of the oE^ing. 



16 - ' 
lU)00,&c.=:/<Krfpr. 

16.000 

H^i (f ihe he^m. ' 

16.000 
5.333 



21.333= B. 
16 
12 

192= area of the fiat ceUing. 
2=^ height <^ the arch. 

384 
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. 384 

1 75.9296 
21.3333 



581 •2629s solid iDontent required, 

2. A circular building of 40 feet diameter, and 25 feot 
higfato the ceilingi, is covered with a saloon, who^e circular 
quadrantal arch is 5 feet radius ; required the capacity of 
the room in cubic feet. Ans. 30779.45948^/^ 



PROBLEM VI. 

To find the solid content of the vacuity formed hyagrmn 
^ arch^ either circular or eUipticaL 

RULE. 

Multiply the area of the base by the height, and the pro- 
duct again by «904, and it will give the solidity required. 



EXAMPLES. 

1. What is the solid content of the vacuity formed by a 
circulat- groin, one side of its square base being 12 feet ? 

Here 1 2« x 6 x .904= 78 1 .056= eolidiiy required. 

m 

f 

2. What is the solid content of the vacuity formed by an 
elHptical groin, one side of its square base being 20 feet, 
and the height 6 feet ? / Ans. 2169.6. 

PROBLEM VIL 
Td find the concave superficies of a circular groin. 
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RULE.* 

Muhipiy the aiva of the bade by 1.141^, and the {yroduct 
will be the superficies required. 



* This rule laay alio be obaerrBd in eUiptlcal grwns, the error 
being too small to be regarded in.|iraoti9e. "^ ' 

In^measaring works where there are many groins in a range the 
cylindrical pieces between the groins, and on their sides, must be 
computed separately. 

And to find the solidity of the brick or stone work, which forms 
the groin arches, observe the following 

RuLK. Multiply the area of the base by the height, including the 
work oyer the tc^ of the groin, and this product lessened by the 
aolid content, found as before, wiHgiye the solidity required. 

Thegtneral niZe for meanaring aU arches^ it thit : 

From the content of the whole, considered as solid, firom the 
springing of the arch to the outside of it, deduct the yacuity con- 
tained between the said springing and the under side of it, and the 
remainder will be the content of the soKid part. 

And because the upper sides of all arches, whether yaults or 
groins, are buUt up solid, ahoye the haunches, to the same height 
with the crown, it is evident that the area of the base will be the 
whole content above mentioned, taking for its thickness the height 
from the springing to the top. And for the content of the yacuity 
to be deducted, take the area of its base, accounting its thickness 
to be two-thirds of the greatest inside height. But it may be noted 
that the area used in the vacuity, is not exactly the same with that 
used in the solid ; for the diameter of the former is twice the thick- 
ness of the arch less than that of the latter; 

An^ although liiave mentioned the deduction of the yacuity as 
common to both the vault and the groin, it is reasonable to make it 
only in the former, on account of the waste of materials and trou- 
ble to the workman^ in cutting and fitting them for the angles and 
intersections. 

Whoever wishes to see this subject more fully handled, may con- 
suit Lairh4orie ei la Pratique de la C^taimelrie,, jifir M, VAhhe Deidier; 
a n^ork in which several parts of Mensuration and Practical Geome- 
try are skilfully handled, the examples being mostly wrought out in 
an easy familiar manner, and illustrated -with observations, and fi- 
gures very neaUy executed. 
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EXAKPLES. 



1. What is the curve stiperficies of a circular^groin arch, 
one side of its square being 12 feet ? v. 

Here 12» x 1.1416^=. 164.3904^ mperficies required. 

2, What is the . concave superficies of a circular groin 
archy one side of its square being 9 fbet ? Ans. 92.4696. 
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CARPENTERS RULE. 



This instrument is commonly called CogeahaWs sliding 
rule. It consists of two pieces, of a foot in length each, 
which are connected together by means of a folding joint. 

On one side of the rule, the whole length is divided into 
inches and half quarters, for the purpose of taking dimen- 
sions. And on this jiace there are also several plain\scales, 
divided by diagonal lines into twelve parts, which are de- 
signed for planning such dimensions as are taken in feet 
and inches. 

On one part of the other face there is a slider, and four 
lines marked A, B, .C, and D ; the two middle ones B and 
C being upon the stider. 

Three of these lines A, B, C, are double ones, because 
they proceed from 1 (b 10 twice over : and the fourth line 
D is a single one, proceeding from 4 to 4P, and is called 
the girt line* 

The use of the double lines A, and B, is for working 
proportions, and finding the areas of plane figures. And 
the use of die girt line D, and ihe other double line C, is 
for measuring solids. 

When 1 at the beginning of any line is counted J, then 
the 1 in the middle will be 10, and the 10 at the end 100. 
And when 1 at the beginning is counted 10, then the 1 in 
the middle is 100, and the 10 at the end 1000, &;c. and all 
the small divisions are altered in value accordingly^ 



^ 



204 cabfsntbb's rule. . 

Upon tbe other part of this face, there is a table of the 
▼idue of a load of ttynber, at all prices, from 6d. to 2s. a 
foot. 

Some rules iMke likewise a line of inches, or a foot divid- 
ed decimally into 10th parts ; as well as tables of boards 
measure^ &rC. but these will be best understood from a 
sight of the instrument. 

TUB tSE OF THB SUMNG . RI71B. 

PROBLEM I. 
ToJSnd the product rftwonumberst as 7 and 26. 

RULE. 

Set 1 upon At to one of the numbers (2&) upon B ; 
then against the other number (7) on A^ will be found ^be 
product (182) upon B. 

Note.-^li the third term runs bejond the end of tbe tine, 
seek it on the other radius^ or part of the line, and increase 
the product 10 times. 

PROBLEM It. 
To dvoUe one number by anoihar^ at bid by 12. 

RULE. 

Set the divisor (12) on A, to I on B ; then .against the 
dividend (610) on A, is the quotient (42^) on B. 

Note. — If the dividend runr beyond ihe end of the line, 
diminish it 10 or 100 times to make.it fall on A» and in- 
crease the quotient accordingly. 

PROBLEM IIL 
To square any mmher^ jis 27. 

i Rm.E. 

Set 1 uponD to 1 upon C ; then against the number 
(27) upon D, will be found the square (729) upon C. 



I 

1 
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If you would square 270, reckon the 1 on D ta be 100 ; 
and then the I on C will be 1000, and the product 72900. 



PROBLEM IV. 

To extract the sqtuire root of any number^ as 4268. 

RULE. 

Set 1 upoin Cy to 1 upon D; then against (4268) the 
number on C, is ^66.3) the root on D. 

To value this right you must suppose the 1 on C to be 
some of these squares, 1, 100, 1000, &c. which is the 
nearest to the given numberj and then the root correspond- 
ing will be the value of the 1 upon D. 

PROBLEM V. 

To Jlnd a mean proportioTial between any two numbers, as 

27 and 460. 

RULE. 

Set one of the numbers (27) on C, to the same on D ; 
then against the other number (450) on C, will be the mean 
(110.2) on D. ^ 

Note. — If one of the numbers overruns the line, take the 
100th part of it, and augment the answer 10 times. 

PROBLEM VI. 

r 

Three numbers being given, to find a fourth proportional ; 

suppose 12, 28, and 51. • 

S 
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RULE.* 

Set the first number (12) upon A, to the second (28) 
upon B ; then against the third number (57) on A, is the 
fourth (133) on B. 

Note. — If one olf the middle numbers runs off the line, 
take the 10th part of it only, and augment the answer 10 
times. 

The finding a third proportional is exactly the same, the 
second number being twice repeated. 

Thus» suppose a third proportional was required to 21 
and 32. 

Set the first 21 on B, to the second 32 on A; then 
against the second 32 on B, is 48.6 on A, which is the third 
proportional required. 



* The use of the rule in board and timber meaaare will be ahown 
in what follows. 

If the breadth of a board be given; to find how much in length wiU 
nuie a square foot, 

Rui<E. If the board be narrow, it will be found in the table of 
board measure on the rule ; but, if not, shut the rule, and seek the 
breadth in the line of board measure, running along the rule, from 
that table ; then over against it, on the opposite sia9, is the length 
in inches required. 

Tlu side of tfu iquare €f a piece of timber being given ; to find how 
mtce/i in length will make a foot solid. 

Rule. If the timber be small, it will be found in the table of tim- 
ber measure on the rule; but, if not, look for the side of the square, 
in the line of timber measure, running along the rule, from that ta- 
ble, and against it m the line of inches Is the length required. 



OF 



TIMBER MEASURE. 



PROBLEM I. 

To find the area^ or superficial content of a board or 

pkmk. 

RULE. 

Multiply the length by the breadth, and the product 
will be the content required. 

Note, — When the board is tapering, add the breadths of 
the two' ends together, and take half the sum for the mean 
breadth. 

BY TH£ SLinniO KtTLB. 

Set 12 on B to the breadth in inches on At then against 
the length in feet on B is the content on At in feet and 
fractional parts as required. 

EXAMPLES. 

1. What is the value of a plank, whose length is 8 feet 6 
inchte, and breadth 1 foot 3 inches throughout, at 2id. per 
foot? 

feet in. , 

8 6 
1 3 



8 6 
2 1 6 

10 7 6 the contept. 
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10 7 6 



2d. is t 
i is4 


1 


8 
6 


in. 
6isi 




H 


in. 

lis J 




i 



2s. 2id. the Answer. 



BY THE SLIDING RULE. 

As 12 on B : 15 on A : : 8^ on B : 10^ on A. 

2. What is the content of a board, whose length is 5 
feet 7 inches, and breadth 1 foot 10 inches ? 

feet. in. pa. 
Ans 10 2 10. 

3. At l^d. per foot, what is the value of a plank whose 
length is 1 2 feet 6 inches, and breadth 1 1 inches through- 
out ? Ans. Is. 6d. 

4. Find the value of 5 oaken planks at 3d. per foot, 
each being 17^ feet long, and their particular breadths as 
follows : viz. two of 13i inches in the middle, one of 14^ 
inches in the middle, and the two remaining ones, each 18 
inches at the broader end, and llj at the narrower ? 

AnsV 11. 58. 9id. 

PROBLEM II. 
To find the solidity of squared orfour^sided timber^ 

RULE.* 

* 

Multiply the mean breadth by the mean thickness, and 
this product again by the length, and it will give the solid- 
ity required. ' ' 



* Note 1. If the stick be equally broad and thick throughout, 
the breadth and thicknen, any wnere taken, will be th« mean 
breadth and thicknesa. 
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BT Tsis SLIDING HULK. 



As the length in feet on C : 22 on D : : quarter girt in 
inches on D : solidity on G. 



EXAMPLES. 

1. The length of a piece of timber is 20^ feet, the 
breadth at the greater end is 1 foot 9 inches, and the thick- 
ness 1 foot 3 inches ; and at the less end the breadth is 1 
foot 6 inches, and the thickness 1 foot : what is the solidity? 

1 .75=. gteater hreadth. 
1. 6=16*9 breadth* 



2)3.26 
1 .625= mean breadth. 



%. If the tree tapers regularly from one end to the other, the 
breadth and thicknees, taken in the middle, w3l be the mean breadth 
and thickness. 

3. If the stick does- not taper regularly., but is thicker in some 
places than in others, let several different dimensions be taken, and 
their sum divided by the number of them will give the mean di- 
mensions. 

This method of finding the mean dimensions is mostly used in 
practice, but, in many cases, it is exceedingly erroneous. 

The quarter girt, likewise, which is mentioned in the proportion 
by the sliding rule, is subject to error. It is not the fourth part of 
the circumference, but the square root of the^ product arising from 
multiplying the mean breadth by the mean thickness. 

In order to show the fallacy of taking one-fourth of the girt for 
the side of a mean square, take the following example : 

Suppose a piece of timber to be 24 feet long, and a foot square 
throughout, and let it be slit into two equal parts, from end to end. 

Then the sum of the solidities of the two parts, by the quarter 
girt method, will be 27 feet, but the true solidity is 24 feet ; and if 
the two pieces were yery unequal, the difference would be still 
greater. 

S2 



2\0 TIXBER HEAStmE. 

1 .25= greater thickness i 
1,00= less thickness. 



2)2.26 

1 .125= mean thickness. 
Now 1.625 X 1.125 X 20.5= 37.4763626s=cafitenl rehired. 

By Crass MuUiplicatwtt. 
fe. in. pa. 
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1 


6 
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6 
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7 
9 


6 
9 




1 


9 


11 


3 


- 


20 


6 






/ 


86 


6 


9 









10 


11 


7 


6 



37 5 8 7 6=contenf, 



BY THE SLIDING RULE. 



As I itp<m B : 19^ upon A : : 13y% uponB : 263^jf 
upon A^tJw mean sqtMre. 

As 16 upon C : 4 upon D :. : l.Stipon C : 16.2 upon D, 
<Ae ^idc of the mean square. > . f 

As 20| wpa/i C : 12 upon D : : 16.2ii|)on D : 37^ upon 
C, the anstper, 

2. The length of a piece of timber is 24.5 feet, and its 
ends are equal squares, whose sides are each 1.04 feet: 
what is the solidity ? Ans. 26 feet ^ inches. 

3. The length of a piece of timber is 20.38 feet, and 
the ends are unequal squares, the side of the greater being 
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19}^^ inches, and that of the less 9^ inches : what is the soHd- 
ity ? Ans. 29.766 /ee^. 

4. The length of a piece of timber is 27.36 feet ; at the 
greater eiid the breadth is 1.78 feet, and the thickness 1.23 
feet ; and at the less end the breadth is 1.04 feet and the 
thickness ,91 feet : what is the solidity ? 

Ans. 41,278 feet. 



PROBLEM III. 
To find the solidity of nmnd or unsquared timber. 

RULE L* 

Multiply the square of the quarter girt (or one-fourlh of 
the circumference) by the length, and the product will be 
the content, according to the common practice. 



* Let c=3girt or circumference, find 2=length of the tree. 

Then -f X — X h-r':^ ':=content of the tree according to the rule. 
4 4 1& 

And ^^ V 7 ^^ — =strue content, according to the 
43<3a416 ^ ^2.5664 ^ ^ 

rule for finding the content of a cylinder. 

. 2 7 

But differs from £— by nearly one-fourth part of the 

..12.5664 16 

wd'ole, and therefore the rule is exceedingly erroneous. 

When the tree is tapering, the mean gitt is found in the same 
manner as in board raeasore. Or if the tree be very irregular, the 
best way is to divide it into a certain number of lengths, and find 
the content of each part separately. 

When trees have their bark on, an allowance is generally made, 
by deducting so much from the girt as is judged^nfficient to re- 
duce it to such a circumference as it would have without its baric. 
In oak this allowance is about .i^ or -jL part of the girt; but fbr 
elm, beach, ash, &c, whose bark is not so thick, the deduction ought 
to be lese. 
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BT TBS SUlMOfG El^LX* 

As the length vpm C : 12 tfpow D : : i g»r< ttjpon D : 
content upon C» 

1. A piece of timber is 9 J feet long, and the quarter 
girt is 39 inches ; what is the solidity ? 

By DeeimdU. 
Here 3 9 in. = 3.26 ft., and 9i ft.«:9.75 ft. 
Hence sTi^ x 9.75 « 10.6626 X 9.76 « 102.984376 
cubic feet =solidUy required. 

By Croes Mul^icaticn. 

ft. in. 

3 3ss 39 inches. 

3 3 



9 9 

9 9 

10 6 9 

9 9 :^ 9| feet. 



96 9 
7 U 9 



102 11 9 9=solidity. 



BY THE SIJDCNO BULE. 

As 9| upm C : 12 upon D : : 39 upon D : 103 upon C, 
the content, 

2. The length of a tree is 26 feet, and the girt through- 
out 2i feet ; what is its soMty ? Ans. 9 feet 9 inches. 

3. The l«igth of a tree is 14i feet, and its girt in the 
middle 3.16 feet ; requited the solidity ? 

Ans. 9 feet nearly. 
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4. The girts of a tree in 4 different places are as follows: 
in the first place 5 feet 9 inches, in the second 4 feet 6 in- 
ches, in the third 4 feet 9 inches, and in the fourth 3 feet 9 
inches ; and the length of the whole tree is 15 feet; what is 
the solidity? Ans. 20 feet 7 inches. 

5. An oak tree is 45 feet 7 inches long, and its quarter 
girt 3 feet 8 inches ; what is the solid content, allowing i^ 
for the bark ? Ans. 515 feet, nearly. 

RULE II-* 

Multiply the square of one-fiflh of the girt by twice the 
length, and the product will be the aolidiiy 9 extremely near the 
truth. 



* Let c±xscirculnference, and l=slength, as before. 

Then -x - x^ ^=^-^=^^=conX»iit oi the tree according 
to the rule. 
And the tme content is= j^ 5664 * ** ^^ before shown. 

But -jgjdiffcM from ^g^gg^ by only abonty^partof the whole, 

and is therefore sufficiently near tbe tmth for any practical purpose. 

This rule is full as easy in practice as the false one, and therefore 
ought to be generally used, since the ease of the other method is 
tbe only argument which is alleged for employing it. 

The following rule was given me by Mr, Burrow^ and is a still 
nearer approximation. 

RuU, Multiply the square of the circumference by the length, 
and take -i^. of the product:' from this last number subtract ^ of it- 
self, and the remainder will be the answer. 

« «=' 7 ^ 8 1 ^ e^l I ^ 

^^' l2:66M==88''^''^''^'**''''^y'=='(88"88)^''^*="n "s"**^ 

c'/ 

jy, which is the same as the rule, and differs from the truth by only 

1 foot in 330a 
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^tf ^irtce <A« ZengfA upon C : 12 tipoit D : : one-Jifth of 
the girt upon D ; conUniupon C. 



EXAMPLES. 

1. A piece of timber is 9| feet long, and | of the girt is 
2.6 feet ; what is the solidity ? . 

Bp Decmdls. 

2.6 
2.6 



156 
52 

6.76 
9.75 

8380 
4782 
6084 

65.9^100 
2 



.Here 2461* x 9.1^X2^ 13l.8200»conei»tf. 



BY THE SLIDIKO' RULE. 



As 19.15 upon C : 12uponI> : : SlJ in.uponD : l32 
f Ae con^en^ vpoo C» 

2. If the length of u tree be 24 feet, and the girt through- 
out d feet ; ^ what is the content ? 

Ans. 123 lc«t, nearljT. 
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3. If a tree girt 14 feet at the thicker end, and 2 feet at 
the smaller end ; required the solidity when the length is 
24 feet? Ans. 123 feet, nearly. 

4. A tree girts in five different places as follows : in the 
first- place 9.43 feet, in the sfecond 7.9? feet, in the third 
6.15 feet, in the fourth 4.74 feet, and in the fifth 3.16 feet ; 
and the whole length is 17^ feet ; what is the solidity ? 

Ans. 54.4249 feet. 



OF 



SPECIFIC GRAVITY. 



The specific gravities of bodies are their relative weights 
contained under the same given magnitude, as a cubic 
fyoU a cubic inch, &/C. 

The specific gravities of several sorts of bodies are ex- 
pressed by the numbers annexed to their names in the fol- 
lowing table : 



A table 

Fine gold - 
Standard gold 
Quicksilver 
Lead - ' 

Fine silver 
Standard silver 
Copper 
Gun metal - 
Cast brass - 
Steel 
Iron 

Cast iron 
Tin - 
Marble 

Common stone 
Loain 



Note. — As a cubic foot of water weighs just 1000 
ounces Avoirdupois, the numbers in this table express not 
only the specific gravities of the several bodies, but also 



of the specific gravities of bodies. 




- 19640 


Brick 


2000 


- 18888 


Light earth 


1984 


- 14000 


Solid gunpowder 


1746 


- 11326 


Sand 


1620 


- 11091 


Pitch 


1160 


- 10535 


Dry box wood 


1030 


- 9000 


Sea water 


1030 


- 8784 


Common water 


1000 


- 8000 


Dry oak 


925 


- 7850 


Gunpowder, shaken 


922 


- 7646 


Dry ash 


800 


- 7426 


Dry maple 


766 


- 7320 


Dry elm 


600 


- 2700 


. Dry fir - - 


.660 


- 2520 


Corit 


240 


- 3160 


Air 


U 
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the weight of a cuhic foot of each, in. Avoirdupois ounces ; 
and hence, by proportion, the weight of any other quantity, 
or the quantity of any other weighty may be readily known. 

PROBLEM J. 

7V» find the, magnitude of a hody from its weight heing 

given. 



\ , 



RULE. 

As the tabular specific gravity Of the body, is to its 
weight in Avoirdupois ounces. 

So is one cubic fo9t, or 1 728 cubic inches, to its content 
in feet, or inches, respectively. ' ♦ 



EXAMPLES. 

' ». - ■ * 

1. Required the content of an irregular block of com- 
mon stone whicli weighs 1 cwt. or 112 lbs. 

Here 112 lbs.= 1792 oz. 

oz. oz. c. in. c. in. 
Hence 2520 : 1792 : : 1728 : 1228}. Ans. " 

2. How many cubic inches of gunpowder are there in 
one pound weight? Ads. 30 nearly. 

3. How many cubic feet are there in a ton weight of 
dry oak?. Ai^. 38|ff . 



PROBLEM n. 

To find the weight of a body from its magmiude being 

given, 
T 
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RULE. 

As one cubic foot, or 1728 cubic inches* is to the con- 
tent of the body. 

So is its tabular specific gravity, to the weight of the 
body. 

EXAMPLES: 

1. Required the weight of a block of marble^ whose 
length is 63 feet, and its breadth and thickness each 12. 
feet ; these being the diq^ensions of one of the stones in the' 
walls of Balbec. 

B^e 123 X 63 =9072 c. ft.=»content of the body. 

Hence 1 : 9072 : : 2700 : 244944 oz. =638^:^ Kma, 
which is eqtuU to the burthen qfan East India ship, 

2. What is the weight of a pint of gunpowder, ale 
measure? , . . Ans. 19 6z. nearly. 

8. What is the weight of a block of dry oak, which mea- 
sures 10 feet in length, 3 feet in breadth, and 2^ feet 
deep ? Ans. 4335|| lbs. 

PROBLEM in. 
To find the specific gravity cfa body, 

RULE. . 

Case 1. When the body is heavier than water, weigh it 
both in water and out of water, and the difference will be 
the weight lost in the water. . - , 

Then, as the weight lost in water^ is to » the whole 
weight. 

So is the specific gravity of water, to the specific gravity 
of the body. 
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EXAMPLES. 

A piece of stone weighed in air 10 pounds, but in water 
only 6J pounds. Required its specific gravity. 

10 ^ 

• 6J , . 



SJt : 10 : : 1000 
13 : 40 r: 1000 

40 



- 13)40000)3077 
.39 

100 
91 

90 * 

Case 2. When the body is lighter than water, so that it 
will not quite sink, affix to it another body heavier than 
water, so that the mass compounded of the two niay sink 
together. 

Weigh the heavier body and the compound -mass sepa- 
rately both in water and out of it, and find how much^each 
loses in water, by subtracting its weight in water from its 
weight in air. 

Then as the difference in these remainders is U> the 
weight of the light body in air, 

So ia the specific gravity of water to the specific gravity 
of the body. 

EXAXPLB. 

. Suppose a piece of elm weighs in air 15 pounds, and 
that a piece of copper which weighs 18 pounds in air, and 
16 pounds in waiter, is affixed to it, and that the compound 
weighs 6 pounds in water ; required the specific gravity of 
fbe elm. ^ 
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18 in air 35 
16 in water 6 

loss 2 27 loss. 

2 • 

25 
25 : 16 : 1000 : 600 An». 

PROBLEM IV. 

To find the quantities of two ingrediaUs in a giioen 

compouhd, 

RULE. 

Take the difference of every pair of the three specific 
gravities, viz. of the compound and each ingredient, and 
inultiply the difference of every two by the third. 

Then as the greatest product is to the whole weight of 
the compound, so is each of the other products to the 
weights of ^e two ingredients.' 

EXAMPLE. 

A composition of 112 pounds being made of tin and 
copper, whose specific gravity is found to be 8784 -; requir* 
ed the quantity of each ingredient : the specific gravity of 
tin being 7320, and of copper 90()0. . - 

9000 9000 8784 

7320 8784 7320 



1680 216 1464 diff« 

8784 7320 9000 



702720 4320 131760Q0 

527Q4 «48 

8784 1512 



14757120 158U2Q 
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14757120 : 112 : : 13176000 
; 112 



■ I ■! » 



26352000 
13i76 
13176 



14757120)1475712000(100 

Ans. 1001b. of copper > • .. ^ _ •.• 

and. 1 21b. of tin J "" *^* composition. 
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MISCELLANEOUS QUESTIONS. 



1. WhjlT difference is there between a floor 48 feet 
loDg, and 30 feet broad, and two others each of half the 
dimensions ? Ans. 720 feet. 

2. From a mahogany plank 26 inches broad, a yard and 
a half is to be sawed off"; what distance from the end 
must the Jine be struck ? Ans. 6.23 feet, 

3. A joist is 8^ inches deep, and 3jr broad ; what will 
be the dimensions of a scantling just as big again as the 
joist, that is 4| inches broad ? ..Ans. 12.52 inches deep^ 

4. A roof is 24 feet 8 inches by 14 feet 6 inches, and is 
to be covered with lead at 8Ibs. to the foot; what will it 
come to at 18s. per cwt? Ans. 22Z. 19s. 10|d« 

5. What is the side of that equilateral -triangle, whose 
area cost as much paving at 8d. per foot» as the palisading 
the three sides did at a guinea per yard ? ^ 

Ans. 72.746 feet. 

6. The two sides of an obtuse-angled triangle are 20 
and 40 poles ; what. must the length of the third side b« 
that the triangle mauy contain just an acre ? 

Ans. 68.876, or 23.099, 

7. If two sides of an obtuse-angled triangle, whose area 
is 60%/ 3, be 12 s^id 20 ; what is the third side ? 

Ans. 28. 

8. If an area of 24 be mit off from a triangle, whose 
three sides are 13, 14, and 15, by a line parallel to the 
longest s^e ; what are the lengths of the sides including 
that area ? Ans. yV 14, 2%/ 14, and V V 14, 

9. The distance of the centres of two circles, whose di- 
ameters are each 50, is equal to 30 ; what is the area of 

the space enclosed by their circumference'? . 

Ans. 559.115. 
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iO. Tbeve is a segmeot of a circle ^fae chord of which is 
60 feet, aed versed sine 10 feet ; what will be the versed 
sine of that^egment of the same circle whose chord is 90 
feet? . Ans. 2&,2066. 

11. The. area of an equilateral triangle, whose hase falls 
on the diameter, and its vertex* in the middle of the arc of a 
semicircle is equal to lOO ; what is the. diameter of the 
semicircle? Ans. 26.32148. 

] 2, The four sides of a field> whose diagonals are equal 
to each other, are 25, 35, 31, and 19'po]e£^» reispectively ; 
what is the area ?* , Ans. 4 ac. 1* ro. 38 poles. 

* Construction, In. tl^is question the sums of the squares of the 
6pposi4e sides of the trapezium heing equal, the Gguxe maj be con-* 
structed as follows : . 

^ E 




A B 

Draw AB and AE at right angles, and each equal to one of the 
given sides (35) ; join BE, and from the points E and B, with radii 
equal to the two remaining opposite sides (25 and 31) respectively, 
describe arcs intersecting in C on the farther side of BE; join AC, 
and draw BF at r-ight angles to it. With the centre C, and radius 
equal to the remaining side {19) describe an arc cutting BF pro* 
duced in D. Join AI> and CD, tlien will ABCD be the figuro 
required. 

Demomtration.^-By the question ab2 4:cp^=bc*+ce* 
and since bd and ac cross each other at right angles, 
(47.1) ab'+cp^=bc2+ad* ; wherefore ad' ssc^ or ad 

= f!C. 
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13. A cable which is 3 feet long^ liml <9 -inches in com- 
pass, weighs 22 pounds, what will a fathom of that cable 
weigh whose diameter is 9 inches ? , ^ Ans 434.25 lbs. 

14. A circular fish-pond is to be dug in a garden that 
shall take up just half an acre, what must the length of>ihe 
chord be that strikes the circled . Ans. 27.75 yards. 

15. A carpenter is to put an oaken curb to a round 
weH, at 8d. per foot square ; the breadth of the curb is to 
be 7^ inches, and the diameter within 3^ feet : w^at will 
be the expense ? Ans 5s. 2:|^d. 



Hence, in the- two tri&ngles ABD and £AC,- we have the two 
sides BA, AD equal the two AE, EC, each to each, and the an- 
gles ABD and EAC equal (each bein£r the complement of BAF) 
and EC and AD, similarly situated ; wherefore BDe=AC. 

Q. £. D. 

Calcttlaium, — On bb let fall the perpendiculars cg and 

AH ; now BE>=AB«+AB'=^^X2 ; BE=^\/36a X2=35 

v/ 2=49.4975 ; and AH=BH=iBE=24.7487; again (13.2) 
BC^+BE^^— CE* 3ia+2X35«— -26'» 2786 

BO = — — — — 



2be • 2X49.4975 98.996 

28.1428'; gh=bg-^ bh = 26.1428 — 24.7487 = 3.3941 ; 

cg=\/bc»—bg» = v/31»— 28.1428^ = V 168.98280816= 
12.9993. By sim. triangles ah+cg(37.748) ; gh(3.394 1) 

: : AH (24J7487) : m = 2.2253 ; ai= V AH^+m^ = 

v/ 24.74878 -j-2. 2253> = v/612.49815169+4.95196009 = 

\/ 617.4501 117^=24.8485. Again, by sim. triangles, m 
(2.2263) : hg(3.3941) :: ai(24.8486) ; ac=37.8997=bd; 
now, by Problem V. Superficies, the area of the trape- 

Ac X BF+PD acXbd AC* 37.8997* 
ZlUm ABCD = — — == -— =-— = = 

.2 2 2,2. 

718.1936 po.= 4 ac. 1 ro. 38 po. Ans. 

JVofe. — ^This method is applicable to all questions of the kind 
wherein the diagonals cross each other at right a^ngles ; that is, 
when the sum's of the squares of the opposite sides are equal, 
hut a general solution to the question, without this, would involire 
an equation of the higher order. 
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16. Suppose the e:^pense of paTying a semicircular plot, 
ui 2s, 4dp per foot, amounted to 10^ what is the diameter 
of it? Ans. 14.7739. 

17. Seven men bought a grinding stone of 60 inches in 
diameter, each paying -f part of the expense ; what part of 
the diameter must each grind down for his share ?^ 

The 1st, 4.4508 ; 2d, 4.8400 ; 3d^ 5.3636 ; 
Ans. I 4th, 6.0765 ; 5th, 7.2079 ; 6th, 9.3936 ; 
and the 7th, 22.6778. 



)T ID 

-I 



* This problem may be thus constructed : 

On the radius AC describe a semicircle ; also divide AC into as 
many equal parts CD, DC, EF, &c. as there are shares, and erect 
the perpendicular DL, EM, FN, &c. meeting the semicircle describ- 
ed on AC in L, M, N, O, P, Q. Then with the centre C and radii 
CL, CM, CN, &c describe circles, and the thing is done. 




For, by the nature of the circle, the square of Yhe chords or radii 
CL, CM, CN, kc, are as the cosines CD, CE, CF, 6c. 



MB 
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18. A gentleman has* a garden 100 feet long, and 80 
feet broad, and a gravel walk is to be made of an equal 
width half round it ; what must the width of the walk be so 
as to take up jiist half the ground ?* 

Ans. 26.9688 feet. 

19. In the midst of a meadow well stored with grass, 
I took just an acre to tether my asa ; 

How long must the chord be, that feeding all round, 
He may'nt graze less or more than an acre of ground ? 

Ans. 39.26073 yards. 

20. A maltster has a kiln that is 16 feet 6 inches square ; 
now he wants to puU it down, and build a new one that 
will dry three times as iniich at a time as the old one did ; 
what must be the length of its side ? 

Ans. 28 feet 7 inches. 

21. If a round cistern be 26.3 inches in diameter, and 
52.5 inches deep ; how many inches in diameter must a 
cistern be to hold twice the quantity, the depth being the 
game ? ^PS' 37.19 inches. 



* This problem may be ponstrueted thus : Let ABCD represent 
the garden, make CEssCB, and with the centre D and radios D£ 
describe tke semicircle GEF. Make BI=i BG, BL=4 BF, and 
complete the rectangle IBLH, and the thing is done. 

G 




A I 

« ., - BG BF BD+(CD— CB) 

For the area of bihl=bi.bl=— x-:: = ^-r; ^ 

2. 2 2 

(cD— CB)_BD^— (CD— CB) » BD^— -(CP^-~2cP.Cb4-CB^) 



2 4 

bd' — bd2+2cd.cb cd.cb. 



i the are<r of the garden. 

Q. E. D. 



^ 
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23. A may-pole, whose top wa» broken off T)y a blast of 
wind) struck the ground at 15 feet distance from the bot- 
tom of the pole : what was the height of the whole may- 
pole, supposing jthe length of the broken piece to be 39 
feet ? Ans. 75 feet. 

24. What will the diameter of' a globe be, when the 
solidity and superficial content thereof are represented by 
the same number ? Ans. 6. 

25. How many three inch cubes can be cut out of a 12 
inch cube ? Ans. 64. 

26. A farmer borrowed part of a hay-rick of his neigh- 
bour, which measured 6 feet every way, and paid him back 
again by two equal- cubical pieces, each of whose sides was 
three feet : Query, whether the lender was fully paid ? 

Ans, He was paid i part only. 

27. What will the 'painting of a conical church spire 
come to at 8d. per yard ; supposing the circumference of 
the base to be ^4 feet, and the altitude 118. feet ? 

Ans. 142. Os. 8|d. 

28. What will a marbFe frustum of a cone come to at 
12s. per solid foot ; the diameter of the greater end being 
4 feet, that of the less end 1^ feet, and the length of the 
slant side 8 feet ? Ans. 302. Is. ll|d. 

29. The diameter of a legal Winchester bushel b 18^ 
inches, and its depth 8 inches : what must the -diameter of 
that bushel be whose depth, is 7^ inches ? 

Ans. 19.1067. 

30. Suppose the ball at the top of St. Paul's Church is 
6 feet in diameter : what did the gilding of it come to at 
3id. per square inch ? Ans. 237/. 10s. Id. 

31. A person wants a cylindric vessel of 3 feet deep, 
that shall hold twice ag mucn as a vessel of 28 inches deep, 
and 46 inches in diameter : what must be the diameter of 
the vessel required? ' Ans. 57.37 inches. 
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32. Twot^orters agreed to drink off a qaart pf strong, 
beer between thensy at two pulls, or a draught each ; now 
the first having given it a black eye, as it is called, or 
drank till the surface of the liquor touched the opposite 
edge of the bottom, gave the remaining part of it to the 
other : what was the difference of their shares, supposing 
the pot was the frustum of a cone, the depth being 5.7 in- 
ches, the diameter at the top 3.7 inches, and that of 4he 
bottom 4.23 inches ? Ans. 7.05 cubic inches. 

* 33. The monument erected in Babylon by Queen Se- 
miramis at her husband Ninus's tom(>, is said to have 
been one solid block of marble in the form of a pyramid ; 
the base was a square whose side was 20 feet ; and the 
height of th,e monument was 150 feet ; now suppoise this 
monument was sunk in the Euphrates, what weigiit would 
be sufficient to raise the apex of it to the surface of the 
water, and what weight would raise the whole of it above 
the water ? 
Ans. To raise U to the surface would require 948|^ tons^ 

to raise it out would require \ ''^OGf | tonsy (which is the 

same as the weight of the monument.) 

34. If the pyramid described in the last example were 
divided into three iequal parts by planes parallel to its base, 
what would be the length of each part, beginning at the. 
top ? . 

Ans. 104.0042, 27.0329 and 18.9629 respectively. 

35. How high above the Surface of the earth must a 
person be raised to see J of its surface ? 

Ans. To the height of the earth's diameter* 

36. A cubical foot of brass is to be drawn into a wire of 
^ of an inch in diameter; what will be the length of the 
wire, allowing no loss in the metal ? 

Ans. 97784.6684 yards, or near 56 miles. 

37. A gentleman has a bovvlingr green, 300 feet long, 
and 200 feet broad, which he would raise one foot higher 
by means of the earth to be dug out of a ditch that goes 
round it ; to what depth must the ditch be dug, supposing 
its breadth to be every where 8 feet ? 

Ans._7|| feet. 



38. Of what dianietef must the- bore of a cannon be, 
which IS cast for a ball .of 24lbs. weight, so that the di- 
ameter of the bore may be i^ of an Inch more than that of 
the ball? Ans. 6.647 inches. 

39. t)ne eiid of a certain paid ot wood is perpendicular 
to the horizon, t the other is in the form of an inclined 
plane: the length of the pile at the bottom » 64 feet, length 
at the. top 50 feet,:hetght 12 feet, length of the wood 5 feet ; 
required the number of cliords it contains ? Ans. 26||. . 

4p. The ellipse in Groavenor-square^ measures 840 links 
across the longest way^ and 612 the shortest, within ihe 
walls : now the walls being 14 incb<es thick, it is required 
to find whi^t ground they enclose^ and what they stand 
wpon. / ^ 

Ans. They enclose 4ac.' Oro. 6po. and stand on 1760^ 
square feet. 

4X, If a heavy sphere whose diameter 4^4 inches, be 
^ut into a conical glass, full of water, whose diameter is 
5, and altitiide 6 inches : it is required to know how much 
water will run over ? 

Ans. 14 rf^. P^^ nearly^ or 26.272 inches. 

42. Suppose it be found by measurement, that aman of 
war, with its ordnance, rigging and appointments, draws 
so much water as to displace 50,000 cubic feet of water : 
required the weight 4>f the. vessel? . 

'Aim. 1395^ tpns. 

43. One evening I chancM with a tinker to sit, 
Whose tongue ran a great deal 'too fast for his wit : 
He talked of his art with abundance of mettle ; 

So I ask'd him to make fne a fiat-bottom'd kettle. 
Let the top and the bottom diameters be, ' 
In just such proportion as five is to three : ^ ^ 

Twelve inches the depth I ptopoi^'d, and no more ^ 
And to hold in ale gallons seven less than a score. 
He promised to do it, and straight to work went ; 
But when he had done it he found it too scant. 
U 
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He alter'd it then, but too big he had mftde k; 
For though it held nght, the diameters fail'd it : 
Thus makiDg it often too big and too little, 
The tinker at last had quite i^poiled his kettle ; 
But declares he will bring his said promise to pass. 
Or else that hell.i^poil eiery ounce of his brass. 
Now to keep- him fit>m ruin, I pray find him out 
The diameter's length, for he'lt ne*er do't, I doubt. 

Ans. T%e bottom diametor u 14.44^1, and the fep dt- 
amefer 24.4002. 

44. If the above mentioned frnslom of the eone were to 
bold as much again, whott would be the length of the part 
added to the greater aid ? 

Ans. 6.384 in. nearly. 



TABLE 



OVTHS 



AREAS OF THE SEGMENTS OP A CIRCLE, 

Whose diameter is Unity, and jrupposed to be-dind«d into 1000 

•qnalrarts. 
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< 


!•« 




t' i ' 1 




Se^.Areou 


Verse 

Sine 


Seg. ArtOL 

• 

9 


It' 


Seg, Area. 


.001 


.000042 


.024 


.004921 


.047 


.013892 


.002 


.000119 


.025 


.005230 


.048 


.013818 


.003 


.000219 


.026 


.005546 


.049 


.014247 


.004 


.000887 


.027 


.005867 


.050 


.014681 


.005 


.000470 


.028 


.006194 


.051 


.015119 


.006 


^000618 


.020 


.006627 


.052 


.015561 


.007 


•000779 


i080 


.006865 


.058 


.016007 


.008 


X)00951 


.081 


.007209 


.054 


.0X6457 


.OOd 


.001185 


.032 


.007558 


.055 


.016911 


.010 


.001329 


.083 


.007918 


.056 


.017369 


.011 


;001533 


.084 


.008278 


.057 


.017831 


.012 


.001746 


.035 


.008688 


.058 


.018296 


.Old 


.001968 


.036 


.009QP8 


.059 


.018766 


.014 


.002199 


.037 


.009383 


.060 


.019289 


•015 


.002438 ^ 


.038 


.009768 


.06? 


.019716 


.016 


.002685 


.039 


.010148 


.062 


.020196 


.017 


.002940 


.040 


.010587 


.068 


.02068a 


.018 


.003202 


.041 


.010981 


•064 


.021168 


.019 


.008471 


.042 


.011880 


.065 


,021659 


.020 


.008748 


.048 


.011734 


.066 


.022154 


.021 


.004081 


.044 


.012142 


.067 


.022652 


.022 


.004332 


.045 


.012554 


.068 


.023154 


.023 


.004618 


.046 


.012971 


.069 


.028659 



292 



The Areas of the Segments «f a Circie. 



.070 

.071 

.072 

.073 

.074 

.075 

.076 

.077 

.078 

.079 

.080 

.081 

.082 

.083 

.084 

.085 

.086 

.087 
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.089 
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.091 
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,093 
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.098 

.099 
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li 
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% 
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.024168 


.102 


.042080 


.134 


.062707 


.024(580 


.103 


.042687 


.135 


.063389 


.025195 


.104 


.043296 


.136 


.064074 


.025714 
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.043908 
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.064760 


,026236 
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.044522 
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.066449 


.026761 
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.066833 
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.109 
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.142 
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a048894 
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.071033 
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.115 
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.147 


.07.1741 


•031629 


.116 


.050804 


.148 


.072450 


.032186 


.117 


.051446 


.149 


.073161 


.032745 


.lf8 


.052090 


.150 


.073874 


.033307 


.119 


.052736 


.151 


.074589 


.033872 


.120 


.053385 


.152 


.075306 


.034441 


.121 


.054<.36 


.153 


-076026 


,035011 


.122 


.054689 


.1^ 


.076747 


,035585 


.128 


,055345 


.155 


.077469 


.036162 


.124 


.056003 


.166 


.078194 


.036741 


,125 


.056663 


.157 


.0789?! 


.037323 


.12*6 


.057326 


.168 


.079649 


,037909 


J27 


.057991 


.169 


.080380 


,038496 


.128 


.058658 


.160 


.081112 


.039087 


.129 


.059327 


.161 


.081846 


,039690 


.130 


.059999 


.162 


.082582 


.040276 


.131 


.060672 


.163 


,063320 


.040875 


.132 


.061348 


.164 


.084059 


.041476 


.133 


.062026 


.166 


.084801 
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.166 
.167 
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.170 
.171^ 
.172 
.173 
.174 
.176 
.176 
.177 
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.184 
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.065544 
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.087036 
.087786 
.068535 
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.09Q041 
.090797 
.091554 
.092313 
.093074 
.093836 
.094601 
.095366 
.096134 
.096903 
.097674 
.098447 
.099221 
.099997 
.100774 
.101553 
.102334 
.103116 
.103900 
.104685 
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.106261 
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.107842 
.108686 
.109430 



.198 
.IM 
.200 
1.201 
.202 
.203 
.204 
.205 
.206 
.207 
.208 
.209 
.210 
.211 
.212 
.213 
.214 
.215 
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.217 
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.226 
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.1 15035 
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.118271 
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.121529 
.122347 
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.123988 
.124810 
.125634 
.126459 
.127285 
.128113 
.128942 
.129773 
.130605 
.131438 
.182272 
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.133945 
134784 
.185624 




.280 
.281 
.282 
.288 
.284 
.235 
.286 
11.237 
.238 
.289 
.240 
.241 
.242 
.243 
.244 
.245 
.246 
.247 
.248 
.249 
.250 
.251 
.252 
.258 
.254 
.255 
.256 
.257 
.258 
.259 
.260 
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.196465 
.187307 
.138150 
.138995 
.139841 
.140688 
.141537 
.142387 
.148288 
.144091 
.144944 
.145799 
.146655 
.147512 
.148371 
.149280 
.150091 
.150953 
.151816 
.152680 
.153546 
.154412 
.155280 
.156149 
.157019 
.157890 
. 158762 
.159686 
.160510 
.161886 
.162263 
.163140 
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u 
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.262 


>1640ift 


.294 


.192684 


.326 


.222277 


.263 


.164899 


.295 


.193596 


.327 


.283215 


.264 


.165780 


.296 


.194509 


.328 


.224154 


.265 


.166663 


297 


.1J95422 


.329 


.225093 


.266 


.167546 


296 


.196337 


.330 


.226033 


.267 


.168430 


.399 


.197252 


.331 


.226974 


.266 


.169315 


.300 


.198168 


.332 


,227915 ' 


.269 


.170202 


.301 


.199085 


.333 


.228858 


.270 


.171089 


.302 


.200003 


.334 


.229801 


.271 


.171978 


.303 


.200922 


.335 


.230745 


.272 


.172867 


.304 


.201841 


.336 


.231 689 


.273 


.173758 


.305 


. 02761 


.337 


.232634 


.274 


.174649 


.306 


. 03683 


.338 


.233680 


.275 


.175642 


.307 


.204605 


.339 


.234526 


.276 


.176436 


308 


.205527 


.340 


.235473 


.277 


.177330 


.309 


.206451 


.341 


.236421 


.278 


.178226 


.310 


.207376 


.342 


.237369 


.279 


.179122 


.311 


.208301 


.343 


.238318 


.280 


.180019 


.312 


.209227 


.344 


.239268 


.281 


.180918 


.313 


.210154 


.345 


.240218 


.282 


.181817 


.314 


.211082 


.346 


.241169 


.283 


.182718 


.315 


.212011 


.347 


.242121 


.284 


.183619 


.316 


.212940 


.348 


,243074 


.285 


.184521 


.317 


.213871 - 


.349 


.244026 


.286 


. 1 85426 


.318 


,214802 


.350 


.244980 


.287 


.18f).329 


.319 


.215733 


.351 


.246934 


.288 


,187234 


.320 


.216666 


.352 


.246889 


.289 


.188140 


.321 


.217599 


.353 


.247845 


.290 


.189047 


.322 


.218533 


.354 


.248801 


.291 


. 1 89955 


.323^ 


.219468 


.355 


.249767 


.292 


.190864 


.;?24 


.220404 


.356 


.260716 


.293 ,191775 | 


.325 


.221340 


.357 


.251673 
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>qS 
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.558 


.252631 


.890 


.283592 


.422 


.315016 


.359 


.253590 


.391 


.284568 


.423 


.316004 


.360 


.254550 


.392 


.285544 


.424 


.316992 


.361 


.255510 


.393 


.286521 


.425 
7426 


.517981 


.862 


.35647 1 


.894 


.287498 


.318970 


.363 


.257433 


.89$ 


.288476 


.427 


.319959 


.364 


.258395 


.896 


.289458 


.428 


.320948 


.36^ 


.259357 


.397 


.290432 


.429 


.321938 


.366 


.260320 


.398 


.291411 


.430 


.322928 


.367 


.261284 


.399 


.292390 


.431 


.323918 


.368 


.262248 


.400 


.293369 


.432 


.324909 


.369 


.263213 


.401 


.294349 


.433 


.325900 


.370 


.264178 


.402 


.295380 


.434 


.326892 


.371 


.265144 


.408 


.296311 


.435 


.327882 


.372 


^66111 


.404 


.297292 


.436 


.328874 


.373 


.267078 


.405 


.298278 


.437 


.329866 


.374 


.268045 


.406 


.299255 


.438 


.380858 


.375 


.269013 


.407 


.300238 


.439 


.331850 


.376 


.269982 


.408 


.301220 


.440 


.332843 


.377 


.270961 


.409 


.302203 


.441 


.333836 


.378 


.271920 


.410 


.303187 


.442 


.834829 


.379 


.272890 


.411 


.304171 


,443 


.835822 


.380 


.273861 


.412 


.805155 


,444 


^36816 


.381 


.:?74832 


.413 


.306140 


.445 


.387810 


.382 


.275803 


.414 


.807125 


.446 


.888804 


.383 


.276775 


.415 


.808110 


.447 


.889798 


.384 


.277748 


.416 


.309095 


.448 


.840793 


.385 


.278721 


.417 


,310081 


.449 


.341787 


.386 


.279694 


.418 


.311068 


.450 


.842782 


.387 


.280668" 


.419 


.812054 


.451 


.843777 


.388 


.281642 


.420 


.313041 


.452 


.844772 


.389 


.282617 


.421 


.814029 


.453 


.845768 
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.346764 


.470 
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.486 


.378701 


.466 


.347769 


.471 


,363716 
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.379^700 


.466 


.348766 


.472 


.364713 


.488 


.380700 


.467 


.349768^ 


.473 


.365712 


.489 


.381699 
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.350748 


,474 


.366710 


.490 


.382699 


.469 


.361746 


.476^ 


.367709 


.491 


.383699 


.460 


.352741 


.476 


.368708 


.492 


.384699 


.461 


.363739 


.477 


.369707 


.493 


.385699 


.462 


.364736 


.478 


.370706 


.494 


.386699 


.465 


.366732 


.479 


.371705 


.496 


.387699 


.464 


.356730 


.480 


.372764 


.496 


.388699 


.466 


.367727 


.481 


.373703 


.497 


.389699 


.466 


.368725 


.482 


.374702 


.498 


.390699 


.467 


.359723 


.483 


.376702 


.499 


.391699 


.468 


.360721 


.484 


.376702 


.500 


.392699 


.469 


.361719 


.485 


.377701 


J 





APPENDIX. 



OF 



GAUGING. 



The busHiess of cask-gauging is commonly performed 
by two instruments, namefy, the gauging or slkliDg rule, 

and the gauging or diagonal rod. 

• - 

1. OF THE GAUGING BULB. 

This instrument serves to compute the contents of casks, 
&c. after the dimensions have been ta&en. It is a square 
rule, having various logarithmic lines on its four sides or 
faces, and three sliding pieces, running in grooves, in three 
of them.' 

Upon the first face are three lines, namely, two marked 
A, 6, for multiplying and dividing; and the third, MD, for 
malt depth, because it serves to gauge malt. The middle 
one B is on the slider, and is a kind of double line, being 
marked at both the edges of the slider, for applying it to 
both the lines h and MD. These three lines are aU of the 
same radius or distance from one to 10, each containing 
twice the length of the radius.^ A and B are placed and 
numbered exactly alike, each beginning at 1, which may be 
either 1, or 10, or lOO, &.c. or .1 or .01, or .001, d&c. but 
whatever it is, the middle division, 10, will l)e ten times as 
much, and the last division 100 times as much. But 1 on 
Ihe line MP is opposite 2} 5, or more e^uustly 2160,4 on (lie 
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other lines whicii number 2160.4 denotes ^e cubic inches 
in a malt bushel; tmd its divisions numbered retrograde to 
those of A and B. On these two Knee are also several 
other marks and letters; thus, on the line A are MB, for 
malt bushel^ at the number 2150.4; and Atbr ale, at. 
282, the cubic inches in an ale gallon; and on the .line B 
is W, for wine, at 231, the cubic inches in a wine gallon; 
also, W, for square inscribed, at .707, the^ side of a square 
inscribed in a circle whose diameter is 1 ; «e, for square 
equal, at .886, the side of a square which is equal to the 
same circle; and c, for circumference, at 3.1416, the cir- 
cumference of the sAm cimle. 

On the second &ce, or that opposite the first, are a slider 
and four lines, marked D, C, D, £, at one end, and root, 
square, root, cube, at the other; tha lines C and D contain- ~ 
wg vespectively the square and cubes of the opposite num- 
bers on tbe linee D^ D; the radius of J) being double to that 
of A, 1B, C, and triple to that of E ; so that whatever the 
first 1 on D denotes, the first on C is the square of it, and 
the first on £ the cube of it; so if D begin with 1, C and £ 
will begin with 1; but if D begin with 10, C will begin with 
100, a^ E with 1000; and^so on. On the line C are mark- 
ed oc at .0796, for the area of the circle, whose circumfe- 
rence is 1; and od at *7.S54, for the area of the circle whose 
diameter is 1 . Also on the line D, af e WG, for wine gauge, 
at 17,15; AG for ale gauge, at 18/95; and MR for malt 
round, at 52^32; these three being the gauge points for 
round and circular measure, and are found by dividing the 
square roots of 231, 282, and 2150.4 by the square root 
of .7854: also, MS, for malt square, are marked at 46.37, 
the malt gauge point for square measure, being the square 
root of 2 150.4, 

On the third face are three lines, one on a slider marked 
N; and two on the stocki marked SS and SL, for 9egment 
standing and. segment lying, which serve for ullaging stand- 
ing and lyt|ig oasks^ 

And on the fourth, or opposite face, are a scale of inches, 
and three other scales marked spheroid, or 1st variety, 2d 
variety, 3d variety; the scale for the fourth #r conic variety, 
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being on the inside of the sUder in tbe third face. The ase 
of these lines is to fine} the mean diameters of casks. 

Besides all those lipest there are two others on the in- 
sides of the first two sliders, beii% continued from the one 
sHder to the. other. The one of these is a scale of ii)ches» 
from IS^ to 36; and the other is a scale of ale gallons, be- 
tween the corresponding numbers 436 and 3.61; which 
form a table to show, in ale gallons, the contents of all cy- 
linders whose diameters are from 1.2^ to 36 inches, their 
common altitude being 1 inch. 

The use qf the Gauging Rule. 

PROBLEM I.. 

To muMpiy two iiwHbers.f as 12 and Z^ 

Set 1 on B, to either of the given numbers, ad 12, on A; 
then agafnst 25 on B, stands 300 on A; which is the 
product. 

PROBLEM IL 

To divide one numbet 5y onoiAcr, as 300 by 25. 

Set 1 on B, to 25 on A;, then against 300 on A, stiuids 
12 on B for the quotient* 

PROBLEM UL 
To find a fourth proportionah as to 8, 24, and 96. 

Set A on B, to 24 on A; then against 96 on B, is 288 on 
A, the 4th proportiobal to 8, 24, 96 required. « 

PROBLEM IV. 

To extract the square root^ as rf 225. 

The first one oh C standing opposite* the one on' D, 
on the stock; then against 225 on C, stands its square 
root 15 on D. 

PROBLEM V, 
Toeaflraet the cube roatf ois of 3375. 
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The line D oh- the slide being set straight with E; oppo- 
site 3376 OB E stands its cube root 1§ on I>. 

PROBLEM VI. 

Tofnd a meanj^oportiond^ as behoeen 4 and 9. 

Set 4 on C, to the same 4 on D ; then against 9 on ,V, 
stands the ffliean p»opottional 6 onD. 

PROBLEM VIL 

Tofnd numhers in dupHoate propertim. 

AM^tofind a mmber whuA shdU be to 120 as ihe square of 

3:to the square if ^. 

Set 2 on D, to 1«) on O? then against 3 on Dr stands 
570 on C; for the answer. 

PROBLEM VIIL 

To find numhers in subdvpUcale proportion. 

As, tofnd a fiumber which shaU be to 2 w the root ef 270 

ioike root of \^^ 

Set ton D, to 126 on C, then against 270 oil C, stands 
3 on D, for the answer. 

PROBLEM IX. 

To find ihe numbers in triplicate. proportion* 

ASf to find ajMtnber which shaU be.to 100, as the cube of 36 
• isioihe cube of 40. 

Set 40 on D, to 100 on E; then against 36 on D, stands 
72.9 on E» for the answer. 

PROBLEM X. 

To find numbers in subtriplicate proportion, 

ASf to find a number which shall be to 40, as the cube root 
xf 72.9 is to the cube root of 100. 
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Set 40 on D, to 100 on £ ; then against 72.9 on £ 
stands 36 on D, for the answer. 

PROBLEM XL 
To compute malt bushels by the line MD. 

As^ to find the malt bushels in the couch, fiooTf or cistern, 
whose length is 230^ breadth 58.2, and depth 5.4 inches* 

Set 230 on B, to 5.4 on MD ; then against 58.2 on A, 
stands 33.6 bushels on B, for the answer. 

Note,^-The uses of the other marks on the rule, will ap- 
pear in the examples further oil. 

01? THB OAUeiNO OB DIAOOITAL BOD. 

The diagonal rod is a square rule, having four ^ces ; 
being commonly four feet long, and folding together by 
joints. This instrument is used both for gauging or mea- 
suring casks, and computing their contents, and that frrati 
one dimension only, namely, the diagonal of the cask, or 
the length from the middle of the bung hole to the meeting 
of the head of the cask with the stave opposite to the bung ; 
being the longest straight line that can be drawn within 
the cask from the middle of the bung. And, accordingly, 
on one face of the rule is a scale of inches for meaauring 
this diagonal ; to which are placed the areas, in ale gallons, 
of circles to the corresponding diameters, in like man- 
ner as the lines on the under sides of the three efides in the 
flfiding rule. 

On the opposite face, are two scales of ale and wifie 
gallons, expressingE the contents of pasks having the cor- 
responding diagonals. And these are the, lines which 
chiefly form the difference between this instrument aad the 
sliding rule ; for all their other lines are the same^ and are 
to be used in the same manner. 



The rod being apf^d within the cask at the bung hole, 
the diagonal Was found to be 34.4 inches ; requii^ tiw 
content in gallons. 
X 
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Now to 34.4 inches correspond, on the rod, 90| ale 
gallons or 11 1 wine gallons, the content required. 

Note, — The contents exhibited by the rod, answer to the 
most common form of casks, and fall in between the 2d 
and 3d varieties following. 

OF CASKS AS DIVIBED INTO VABIETIKS. 

It is usual to divide casks into four cases, or varieties, 
which are judged of from the greater or less apparent cur- 
vature of their sides ; namely, 

1. The middle frustum of a spheroid, 

2. The middle frustum of a parabolic spindle, 

3. The two equal frustums of a paraboloid, 

4. The two equal frustums of a cone. 

And if the content of any of these be computed in in- 
ches, by their proper rules, and this be divided by 282, or 
231, or 2150.4, the quotient will be the content in ale gal- 
lons or wine gallons, or malt bushels respectively. Be- 
cause 

282 cubic inches make 1 ale gallon 
231 - - - 1 wine gallon 

2160.4 - - - I malt bushel. 
And the particular rule will be for each as in the follow- 
ing problems : 

PROBLEM XIT. 

Tojind the content of a cask of the first form. 

To the square of the head diameter add double the 
square of the bung diameter, and multiply the sum by the 
length of the cask. Then let the product 

be multipliod by .0009^, or divided by 1077, for ale 

gallons ; 
and multiplied by .001 li, or divided by 882 for wine 
gallons. 

EXAMPLES. 

1. Required the content of a spheroidal cask, whose 
length is 40, and bung and head diameters 32 and 24 
inches. 
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24 


32 




24 


32 




96 


64 




48 


96 
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676 



1024 
2 

2048 
676 

2624 
40 




104960 
.0009J 

944640 
26240 



104960 
.001 If 

1164660 
34987 



104960 ale 97.0880 gallons 118.9647 wine. 

By the Gaugi$ig Rule* 

Having set 40 on C, to the ale gauge 32.82 on D. 
against 

24 on D, stands 21.3 on C 

32 on D, stands 38.0 on C 

the same 38.0 



sum ^7.3 ale gallons. 

And having set 40 on O, to the wine gauge 29.7 on D. 
against 
24 on D, stands 26.1 on C 
32 on D, stands 46.5 on C 
the same 46.6 



119.1 wine gallons. 

Ex. 2. Required the content of the spheroidal cask, 
whose length is 20, and diameters 12 and 16 inches. 

Ana S 12-136 ale gallons, 
^^^' ^ 14.869 wine gallons. 



J 
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PROBLEM XIII. 
To find the content of a dnslrf>fthe second form. 

To the square of the head diameter^ add double the 
square of the bung diameter, and from the sum take f or 
1^ of the square of the difference of the diameters ; then 
multiply the remainder by the length, sad the product 
again by .0009i for ale gallons, or by .0011 J for wine 
gallons. 

EXAMPLES. 

1. The length being 40, and diameters 24 and 32, re- 
quired the content. 





1 


\'^ 


^"VNttlj 








J 




32 

24 






. 


8 
8 


2624.0 
25.6 


103^36 
.0009i 


103936 
.001 H 


64 
4 


2598.4 
40 


935424 
25984 


1143296 
34645 


25.6 


103936 


ale 96.1408 gall. 


117.9741 



By the Gauging Rtde. 

Having set 40 on 0, to 32.82 on D, against 8 on D, 
stands 2.4 on C ; the ^ of which is 0.96. This taken 
from the &7.3 in the last form, leaves 96.3 ale gallons. 

And having set 40 on C, to 29.7 on D, against 8 on D, 
stands 2.9 on O ; the <i^ of which is 1.16. This taken 
from the 119.1 in the last form, leaves 117.9 wine gallons. 
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Ex. 2.. Required the content when the length is 20, aiid 
the diameters 12 and 16. * 

. ^12.018 aUgalUms. 
^^^' I 14.724 wine gaUcns- 

PROBLEM XIV. 

To find the content of a cask of the third form. 

To the square of the bung diameter add the square of 
the head diameter ; multiply the sum by the length, and 
the product again by .0014 for ale gallons, or by .0017 for 
wine gallons. 

EXAMPLES. 

1. Required the content of a cask of the third form, 
when the length is 40,^ and the diameters 24 and 32. 




1024 
576 

1600 
40 

64000 



64000 
.0014 

266 
•64 

ale 89.6 



64000 
.0017 

448 
64 

108.8 wine. 



By the Gauging Rule, 

Set 40 on C, to 26.8 on D ; then against 

24 on D, stands 32.0 on C 
32 on D, stands 67.3 on C 

8um 89.3 ale gaUens* 
And having set 40 on C, to 24.26 on D ; then 
against 24 on D, stands 39.1 on C 
32 on D, stands 69.8 on C 

sum 108.9 wine gallons. 
.X2 
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Ex. 2. Requked the content when the leo^h is 20, tnd 
the diameters 12 and 16. 

. ^ 1 1 .2 ale gallons, 
-^°®* ^ 13.6 wine gallons. 

PROBLEM XV. 

To find the content of a cask of the fourth form. 

Add the square of the difference of the diametei« to three 
times the square of their sum ; then multiply the sum by the 
leagthy and the produot again by .00023f for ale gallons, 
or by .00028^ lor wine gidlonsw 

EXAMPLES. 

. 1. Required the content, when the length is 40, and the 
diameters 24 and 32 inches. 




56 
56 


8 
8 


• 


336 
280 


64 
9408 


378880 
.00023J 


3136 
3 


9472 
40 


1136640 
767760 
76776 



378880 
.00028i 

3031040 
767760 
126293 



9408 378880 ale 87.90016 gaU. 107.34933 wine. 

BV THE SUPCNO BULB. 

Set 40 on Cf to 65>64 en D ; then against 
8 on D, stands 0.6 on C 

56 on D, stands 29.1 on € 

29.1 
29.1 



sum 87*9 ale gdlons. 
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And set 40 on C, to 59.41 on D ; then against 

8 on D^ stands 0.7 
56 on D, stands 35.6 

35.6 
35.6 



sum 107.5 wine gall. 
£x. 2. What is the content of a conical cask, the length 
being 20, and the bung and head diameters 16 and 12 
inches ? 



An $ 10.985 ale gallons, 
^°*' I 13.416 wine gallons. 



PROBLEM XVL 

To find the content qfa c^sk hyfoiUT dimensions. 

Add together the squares of the bung and head diameters, 
and the square of double the diameter taken in the middle 
between the bung and head : then multiply the sum by the 
length of the cask, and the product agaiii by .0004f for ale 
gallons, or by .0005} for wine gallons. 

EXAMPLES. 

1. Required the content of any cask whose length is 
40, the bung diameter being 32, the head diameter 24, and 
the middle ^meter between the bung and the head 29| 
inches. 

57.5 24 32 

57.5 24 32 



2876 


96 


64 


4025 


4i) 


96 


2875 






- 


576 


1024 


3306.25 


1024 




- 


576 







4906.25 
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4906.26 




40 




196260 


196260 


.00041 


.0006f 


785000 


981260 


130833 


130833 



ale 91.6833 gallons 111.2083 wine. 

BY THB SLIDtNO KULE. 

Set 40 on C, to 46.4 on D ; then against 

24 on D^ stands 10.6 

32 on D, stands 19.0 

67| on D, stands 62.0 



sum 91.6 ale gallons. 

Set 40 on C, to 24.0 on D ; then against . 

24 on D, stands 13.0 

32 on D, stands 23.2 

67^ on D» stands 75.0 



sum 111.2 wine gallons. 

Ex. 2. What is the content of a cask, whose length is 20, 
the bung diameter being 16, the head diameter 12, and 
the diameter in the middle between them 14f ? 

A 5 1 1.4479 ale gallons, 
^°®' I 13,9010 wine gallons. 

PROBLEM XVII. 
JTo find the caiUent of any cask from three dimensions only. 

Add into one sum 39 times the square of the bung di- 
ameter, 26 times the square of the head diameter, and 
26 times the product of the two diameters : then^ multiply 
the sum by the length, and the product again by 

0<W34.^ . „ ^ .00034 ^^^„ , ^ , 

— 5— for wrae gallons, or by — rr— or .00003tV» for ale 

V X 1 ~ 

gallons. 
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1. Required the content of a euk, whose length is 40» 
and the bong and head diameters 32 and 24. 



32 
32 

64 
96 



24 
24 

96 
48 



1024 
39 

9216 
3072 


676 
26 

2880 
. 1152 


39936 


14400 
39936 
19968 






74304 
40 


• 


2972160 
.00034 

• 




11888640 
8916480 



32 
24 



128 
64 

768 
26 

4608 
1636 

19668 



9)1010.63440 

U2.2816 winegaU. 



2972160 
.00003VV 

8916480 
270196 



91.86676 ale gall. 

fix. 2. What is the content of a cask, whose length is 
20, and the bung and head diameters 16 and 12 ? 



^ i 11.4833 ale gallons, 
^ I 14.0362 wine gaUons. 



iVble.^This is the most exact rule of any, for three di- 
menmons only ; and agrees nearij with the diagonal rod. 



